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OPTIMIZATION OF STOCHASTIC CONTROL PROCESSES WITH RESPECT

TO PROBABILITY OF ENTERING A TARGET MANIFOLD

ABSTRACT

In this report the problem of generating an open-loop control to
drive a stochastically disturbed systém from a given initial state to a
target manifold is considered. The control is to be optimum with respect
to a performance index which contains a probability term and an energy
term. The probability term is the probebility of entering the target
manifold during some instant of a specified time interval.

Two approaches to this problem are investigated. The first approach
is to obtain a closed form spproximation to the probability term by
generating an approximate solution to a diffusion equation, and then
applying Pontryagin's Maximum Principle. The second approach is to
formulate an appealing one-parameter class of controls, and search this
class over its parameter. In this approach, the probability term is
found by observing a digital simulation of the system.

A sample problem is formulated and both approaches are applied to it.

Numerical results are obtained and compared.
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CHAPTER 1

INTRODUCTION

1.1 Outline of the Chapter

This chapter begins with a brief review of some of the recent work
in the field of stochastic control. The purpose of this review is to
indicate the position of this thesis in the context of the field.

Following the review of recent work in the (ield is a brief descrip-
tion of the problem to be investigated and an outline of the remsinder

of the thesis,

The chapter ends with some comments on notation,

1.2 Revigw of Stochastic Control

Kushner [14] considers a system defined by
dx = f(x, u) dt + dz (1-1)
vwhere x is an m dimensional vector
u is an ¢ < m dimensional control
z is some suitable random process, e.g., a step function with
random step sizes, or a Brownian motion process.

with & cost criterion
T
E j' g(x, u) dt (1-2)
0

where g is quadratic in x and u, and

T is fixed.




He gives a method of correction to the optimal deterministic control
when the effects of the random process are small. He extends this work
{153, [16], [17], (18], to develop a stochastic maximum principle, com-
plete with adjoint equations and a stochastic version of the Hamiltonian,
for the minimization of
E[C* x(T)] (1-3)
subject to
dx = f(x, u)dt + o(x, u)dz (1-4)
vhere c and x are m dimensional vectors
u is an £ < m dimensional control
o(x, u) is a weighting matrix
Z is a sample vector of a suitable random process.

Later, K;Jshnor [19] solves essentially the same problem by a tech«-.
nigue involving & stochastic version of Lyapunov functions. In this
paper, the Z process appearing in equation (1-4) is assumed to be a
sample function of a Weiner process. In this case, equation (1-4) is
interpreted as an Ito equation (1],

The theory of stochastic stability referred to in [19] is deveioped
by Wonham [20] and Kushner (21], In these papers various types of
stability are defined and discussed.

A feature common to the above papers on optimization is that the
performance indices are expectations of a random variable corresponding
to performance indices commonly occurring in deterministic optimal con-
trol. A second category of stochastic optimel control problems is
typrified by one investigated by Mishchenko [41, [11]. Mishchenke con~

siders a controlled point in state space in pursuit of a second point,



The state variables of the pursued point are sample functions of a

Markov process. One term of the performance index is the probability

of "capture" of the pursued point during a specified time interval. The
pursued point is considered "captured" if the controlled point is

brought within some specified spherical neighborhood of it, Mischenko
shows that the probability of "capture" is the solution to the Kolmogorov
backward diffusion equation, and develops an estimate of the sclution to

this equation as a functional on the control.

1.3 The Problem to be Investigated

The problem to be investigated may be described as follows. It is
desired to generate an open loop control which drives a linear system
which is disturbed by Gaussian white noise from a known initial state
to some manifold containing the origin, The control is to be chosen to
extremize a performance index containing two terms: an energy term and
a probability term. The probability term is the probability of entering
a specified neighborhood of the target manifold within a specified time
interval, This problem is related to the work reviewed in section i.z
as follows, In its formulation this problem resembles those tréé.ted by
Wonham and Kushner in that it begins with a stochastically disturbed
system and seeks to solve a problem which has counterparts in determinis-
tic optimal control theory. It is related to Mischenko's problem in
that similar methods may be utilized to determine the probability term

of the performance index.

1.4 OQutline of the Thesis

ot

The distinctive feature of the problem investigated in this thesis




is the probability term in the performance index. Broadly speeking, the
work reported is intended to describe the mathematical theory on which
the problem is based, and to investigate two approachs to its solution.

The first approach begins by formulating the probability term of
the performance index as the solution to a Kolmogorov backward diffusion
equation. An estimate of the solution is constructed and used as the
probability term in the performance index. The performance index 1is
then maximized by an application of Pontryagin'’s maximum principle, and
solution of the resulting two-point boundary value problem,

The second approach is to select an appealing one-parameter sub-
class of controls, and find the optimum control in the subclass. The
probability term in the performance index is determined by observing the
performance of a digital simulation of the system, thus avoiding the
solution of the Kolmogorov equation. The one-parameter subclass is then
searched for the optimum control. Thus the solution of the two-point
boundary value problem is avoided.

Chapter 2 assumes the concept of the Ito equation, and proceeds to
develop the properties of its solution which are required for the re-
mainder of the work, It gives a review of some pertinent theorems and
their proofs. Its purpose is to collect known results necessary to the
remainder of the work in a sufficiently precise form for correct applica-
tion to the present problem, The proofs are presented to indicate the
degree to which the results rely on the linearity and time invariance
of the Tto equation.

Chapter 3 contains a precise statement of the problem to be investi-

gated, It shows how the methods of Mishchenko (47, [11] may be applied



here, The limitations and difficulties of this approach are described,
In Chapter 4 Mishchenko's techniques are applied to the present

problem., An estimate of the accuracy of the resulting estimate of the

probability term of the performance index is obtained.

Chapter 5 begins by applying the results of Chapter 4 and
Pontryagin's maximum principle to obtain a formulation of the present
problem as a two-point boundary value problem, An algorithm for the
solution of this two-point boundary value problem is presented, and a
brief discussion of its convergence properties is presented.

The material in Chapters 4 and 5 reveals the difficultles and
complexities involved in the approach to the problem described in them,
In Chapter 6 an alternative approach is investigated. This approach is
as follows:

1. An appealing one~parameter subclass of controls is selected.

2. The probability term in the performance index is estimated by
digital simulation, and the performance index is plotted as a funec-
tion of the control subclass parameter.

3. The optimum control in the class is determined by an examinatZon
of this plet,

This approach ylelds only a suboptimal solution, A sample problem
is formulated and numerical results are obtained for a certain subclass
of controls., An examination of the results suggests a second subclass,
Numerical results are obtained for this subclass also, and the two sets

of results are compared.



The accuracy of the estimate of the probability term developed in
Chapter 4 is checked.
Chapter 8 sumarizes the results of the previous chapters and draws

some conclusions., Some avenues for future investigation are suggested.

1.5 Notation
The following corments on notation apply throughout the remainder
of the thesis, except as noted.
1. Vectors are taken to be column vecters unless noted otherwise.
2., The transpose of a vector or matrix is denoted by a "prime." That
is, A' is the transpose of the matrix A,
3. The norm of a vector with respect to a matrix is denoted and de-

fined as follows:

=l = /x"Ax (1-5)

vhere x is an m~dimensional vector
A is an m x m positive semidefinite real symmetric matrix,
4, It is frequently necessary to partition vectors into two parts., For

this purpose the following notation is usually employed:

X
X = [::I (1-6)
X

where x is an m~dimensional vector
X is a k-dimensional vector
% is an m-k-dimensional vector

5. The gradient operator is defined as follows

s




OIOI'
¥

V{(x) =

R

1
-

where x is an m~dimensional vector

£(x) is a scalar function.

6. The operator Vy v is defined as follows:

Vy Y f(x, y) =

s 2ot 3% 7
3y1ax; AYX, 0%,
37 3% 37 ,0x

——

(1-7)

(1-8)



CHAPTER 2

MATHEMATICAL FOUNDATIONS

2.1 Introduction

From a mathematical point of view, the problem to be dealt with is
the control of & stochastic process which is defined as the solution of
a linear, time invariant Ito equation (Vonhan[27]). The primary purpose
of this chapter is to establish for use in later chapters some of the

properties of such a process. A secondary purpose of the chapter is to

discuss the possibility of esteblishing similar results for solubions of

[#2]
5]

time varying end nonlinear Ito equations.

The properties of the Ito equation solution are stated in theorens.
The proofs of these throrems are sketched briefly, or merely refercenced.
Yost of the iheorems are known. The only reasor for spending any tine
here on vnroofs is to indicate the degree to which they rely on the Lin-
earity or time invariance of the Ite equation.

Theorens 2-1 through 2-6 establish the statistical properties of

the Tto equation solution. These properties include 1ts condlitional

[

pmean and covariance, its Merkov property, its transition deunsity, and
diftusion equation satisfied by its transition density. Theorem 2-7
establishes that o certain seguence of discrete appreximations to the
Tto equation converge:s in & certain scnse to the solution ol the Ito

-

for digital simulation.

e
7

equation. This theorem will serve as a bas



2.2 Definition of the Ito Fguvetion

The conccept and sore of the properties of Ito equations are given
by Doob [1], Wonham [2] end Ito [3]. The theorems in this chapter refer

to the solution x(t) of the lircar, time inveriant Ito equation

dx, = (Ax + Bu) dt + cdn (2-1)

t t

vhere

en nm-dinensional. vectoxr

bt
o
n

an m X m matrix

e
j )
9]

Bis anm x "‘u matrix
u is en ﬁu-dimensional control vector, £u <m
t is tiwe

s an nm X k matrix

0
e
m

n is a k-dimensional (k < 1) Brovmian motion
process, i.e., onc whose increments are
Geussienly distributed and satisf)

o

E[n(te) - n(tl)] =0 (2-2)

I
o

E{[n(th) - n(t,)][n(s,) - n(tl)]'} (2-3)

for th >t.j >t2>t1

&nd

R{ln(t,) - nlt,)iln(t,) - n(8))3') = Wiz, - ) (2-1)

vhere E denotes expectation
()' is the transposc of ()

Wis an kX x %k nobrix with rank X,
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2.3 Froserties of the Solution

The {irst provercy of #(%) to be stated ic the form ol its solution.
This iz ac follows.

Theorem 2-1. Let y(t) be defined as

t
y(8) = gyee) % (1) ¢ [ agp(e,e) mule)
o
=t
+ J ¢, (t,0) can, (2-5)

o

vhere éA(t,to) is defined as the solution to

3 @A
e T A B tt) =T, (2-6)

Im is thevidentity matrix of rank m.
The last integral in (2-5) is a stochastic
integral as defined by Doob [1], page 27C.
Then ¥(%) is the solution of (2-1). The proof of thecorem 2-1 follows

that of {he corresponding thcoren for ordinary differential equations,

except that the following lemmra must first be established.

Lerma
Let &, (8,c) = 2 s (t 2. Then
Y ARt IR NS A
t t B t
J » ¢-‘A(t,oj) Can, = It as J . z»A(a,n,) Cdn  + Jo= Cdna
o o =% o
(2-7)

Proof of the Lemra: On pages 430 and 431 of Deodb [1] it is shovn that

the order of integration of iterated integrals of the type on the right

hand side of (2-7) is interchangeblec. Thus



£t Gt L
ft as j;;t éA\B,a) Cdn_ = iﬁdﬂ Ja as QA\B,O)} Cdn,, (2-8)
o o o
But by definition,
t .
J @ 4060 = 1060 - 3(00) (2-9)

Then, since bA(a,a) is the identity metrix, (2-8) end (2-9) comdine to

prove thc lcmma,

Proof of Thoorem 2-1

The proof of Theorem 2-1 may now be carried out., It follows directly

from (2-5) that

y(t) = x(t ) (2-1.0)

the next step is to compute dy, from (2-5). From (2-7) and (2-6),

t t
" e an, b] g on) --
a QA(t,o) Cdn_ = {A éA(t,o) Cdn_f dt + Cdng (2-11)

J _
azto a—to

Then from (2-5), (2-6) and (2-11),

t
dy, = {A éA(t,to) x(to) + A jt dor QA(t,q) Bu(c)
o]

t
+ Bu(t) + A IO:t @A(t,c) Cdna} at + Cang (2-17)

o
Substitubion of (2-5) into (2-12) yields
dy't = (Ay + Bu) at + Cdnt

A comparison of (2-13) with (2-1), and (2-10) coupletes the proof.

(2-13)
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Theorem 2-2. Let x(t) and %A(t,to) be as defined in Theorem 2-1. Then
t
2
»{ x(t. = & 4 J .

. (2-14)
vhere E{x(tz){x(tl)} is the expectation of x(tz) given X(tl).
Froof  The proof follows directly from the definition of & stochastic in-
tepral (see pages 425-U28 of Doob [1]) and (2-5). (See also Vonham [2]
page 104 ),

Theorem 2-3. Let x(t) and QA(t,to) be as defined in theorem 2-1. Then
v
cov {x(tz)[x(tl)J = f dcy éA(tz,a) ce! GA(tz,Q) (2-15)

t

where cov {x(tz)\x(tl)} =
s { [ate,) - m e [ty - x<t2)jﬁx(tl)} (2-16)

Proof  Frow (2-5) and (2-1b4),
t t

2 2
- I'/ !\ 1 - { r + 7 1 I 3! 4 S - (e
cov 1% uz)‘x(tl)J = E | | " §‘(t2,o) Cdna , dLBC aA(tz,))
C":'Ll B:‘Ll

(2-17)

Vorhawn [27 rigorously justifies the forizal manipulations
E dn, dné = Wdry, o = 3 (2-12)
E dn, dné =0 ,cof5 (2-19)

(2 houristic explanation o this manipulztion is apparent [rom (2-3) and
(2-1).) Then (2-15) follous from (2-17), (2-18), and (2-19).
Corollary Tet x(t) and éA(t,to) be as defined in theovem 2-1. Let
R P Y f;.v, 3 ~
Qlt,t ) = cov 1x(t)[x(to)j (2-20)

then




v

/

2= A b op o eet, ot ) = 0 (2-21)

-~

Proo? he pronl follows immediztely [(row dilferentiation of (2-15) and

substitution irom (2-6).

Theorenm o-b%, Let

P = E/X; vy

where the Ki arc the eigenvalues of W and the v, are the corresponding

q
] (2-22)

Ay Vz\ o ‘ N Vi

orthonormal . eigenvectors. Then cov[x(t?)\x(tl)] has rank m if and only
if the watrix
- 2 m-1
[ce| acp| a%cp| -—- | A" cP] (2-23)
haz rank .
‘The proof given here malies use of the concept of controllability.
This concept is definad as follows.

Definition the pair [A(t), B(t)] arc said to be controllable at time b

if and only if for every x there exists a finite tl and a control u such

4.

that x(tl) = 0 subject to

x = A(t) x + B(%) u, x(to) = X (2-24)

Proof of Theoren 2-4

Before appiyinz the concept of controllability, a certain relation-
ship belueen P and ¥ must be established. UNote first that

v

- (A
) L771

fi} (2-25)

<
Sl

P = w(P')’1 (2-26)

from which

W = PP’ (2-27)

g

o
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From (2-15) and (z-27)
t

COV[X(tZ)lX(tl)] - fta do @y (t,,c) CPRCEp(6y50)  (2-28)
1 .
From (2-28) and the theorem of section 1.7 of Zadeh end Desoer

(5 p. 5131},

the pair [A,CP] is controllable if end only

if the rank of cov[x(tz)\x(tl)] is m. (2-29)
7adeh and Desoer also show (see section 11.3 of [5]) that for linear time
invariant systems,

the pair [A,CP] is completely controllable if

end only if the watrix of (2-23) has rank m. (2-30)
Then (2-29) and (2-30) combine to comﬁlete the proof. '
Theorem 2-5. Leb x(t) be the solution to (2-1). If Q has rank m, then

e o e -

x(t) is a larkov process and

px(tz)lx(tl)(§2i§l) - (zﬂ)m/ztdetQ)l/z exP{' %‘!gz'”\!;,l}
(2-31)
whRre px(tz)lx(tl)(gzlgl) = probebility density associated
~ with the event x(t,) = §, given that x(t,) = §. (2-32)
Q = covlx(t,) lx(t,)] (2-33)
b = Blx(t,) [x(,)) | (2-31)

Prool It is clear from (2-5) and the definition of n that x(%) is
Gaussianly distributed. Then (2-31) follows directly.
Since x(t) is Caussianly distributed, x(t) is a Markov process if

Elx(t,)]%(4) 7 = BLe(8,)|x(¢,)] (2-35)

end covlx(t,)|x(t)] = eovli(ty)x(t;)) (2-36)
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P < <
for t < tl tz

But (2-35) and (2-35) follow directly from (2-5).

Theoren 2-6. Let x(%) be a solution to (2-1) and p G (EE) ve
R x(t,)]x(t) >2 1

8s defined in (2-32). Then

2
1 ' Q
5 (h £+ Ba(e)), "a-a“* '2" (et Sg';a'gf}’x(tzn «() (2l ©)=0
o A J (2-37)

Proof The proof follows directly from (2-31) and Doob [1] (for the scalar
case) end Mishckenko [4] for the vector case.

.
Theorcn z-7. Let x(t) be the solution to (2-1). Let x“(t) be defined

for all t as the ‘(IUUIOP to

£-1.
PR N O LAY {‘, . AT To o (GE)T) od .
= AxT 4 Bt B s ) sen(t- 7 ) - sgnLt “""JJ CH (2-38)
i=o
21, t <0
where sgn(t) = 0,t =0 (2-39)
+1, t >0

i o s .
the I, i=1,2,...,%, are kK dimensional

Gaussian random vectors with

gl = 0 (2-40)
ELoA) () ] = 0, 1 £ (2-h1)
(o)) ) = v (2-42)
Then xz is a Gauscsianly distributed pwoce°° with
-’ L. P SR/ . .
El(T) X7 (0)] = slxT(1)]x (¢), £ < O] (2-13)
) £
cov[xi(T)\xf(O)]‘ = cov[xn(T)‘x (t), t<0)

‘xL(O):x(O) (2-14)
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Bl(2)](0)) = Bhx(1){x(0)) (2-45)
lx*(0)=x(0)

lim = cov[xE(T)Exz(Ojl = cov[x(T)|x(0)] (2-15)

L= o 4
x (0)=x(0)
Proof Since (2-38) is an ordinary linear differential equation, xﬁ(T) is
T
) ) o
x(T) = QA(T,O) x(0) + dey QA(l,a) Bulc)
0

.f dCY}' {"gn(d- "'-)..e; n[(‘/- J..+l)" (’,;&ﬂ ,/'.

(2-47)
Prom (2-47) it follous that since the I are Gaussian, < s Goaussianly
distribubed. Tquations (2-43) and @-i4) follow directly [rom (2-27),
(2-40), (2-81) snd (2-42), (i.e. the independence of the ),  From (2-140)

- and (""l 7)>
T

Ev()M(QXWH-é(l@X@)+IMaWa)WW) (2-18)

then (2-15) is established by comparison of (2-48) and (2-1h). TLet
T
Fro= % f do; {ggn(a- iTy . sgn[a (111)z } 3, (T,0) (2-%9)
2 0 J §A A

Then from (2-4%7) and (2-48),

x"(T) - E[xZ(T)‘xf'(O) = x(0)] = {, E e (2-50)
i=0
and hence from (2-41) and (2-42)
2-1
cov[x (m)\y (0)=x(0)) = & ) F e ()" (2-51)
1,

Applying the law of the mean to (2-19),

i e b s ik i i s i e e S B sl aba b it
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. 7 'j@ (2-52)
vaere [31 1 = To, (0 )] 20 oo, i, (2T] _
nere [z Aqu L&A(T,ch) s for some %iq EL<£ R 7 (2-53)

Then (2-51) becomes

£-1
cowr[x'e(;)lxz(O)zx(O)} = }: E; C'vTC'(Einl\)' —;: (2-5k)
i=o
Pron (2-53), and lebting 1 = X, (2-55)
IS
. ~ T .
lim & = QA(T,T) (2-56)

J AT

Ve

Then by (2-15), (2-5b4) yields (2-k0).

2.4 Txtensions to More General Ito ¥quotione,

Equation (2-1) is a linear Ito equation with constant coefficients.
ks stated by theovem 2-1, the solution of (2-1) is of the same form as an
ordinory linecr differential equation with constant coeflicients, Theorenms
2-2 throush 2-5 and 2-7 follow directly from the solution fori establiched
in theorem 2-1. It is natural to ask vhether analagous resulls can be
established for the solutions of more general Jto equations. The answer
to this question is discussed in the following varasrapis,

First relax the constant coeflicient reguirement. That is, suppose
that A, B, anl C are suitably well behaved functions of time. Thenr the
form of (2-5) would remain essentially unaltered, and theorcm 2-2 end 2-3
wowld follow as before. (lote that W may also be time varying.) Theorem
2-% does not follow. Tae rank of cov[x(tz)‘x(tl)] may be deteriined orly
by an ecrerination of equation (2%-15). Theorem 2-5, since it follows from
Theorens 2-1, 2-2, end 2-3, follows as before. Theorems 2-6 and 2-7 remain

Fpe)

wnaltered,

i s e SR
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Consider next the cace

dx, = r(x,t)at + c(x,t)dnt (2-57)

where [ and ¢ are nonlinear function of x and t. Thcorem 2-1 is no longer

i
?

available, and hence neither are theorems 2-2, 2-3, 2-4, or equation (2-31).
The solution to (2-57) does retain the Markov property under suitable

(and usefully broad) restrictions on f and ¢ (see Doob [17). Equation
(2-37) also remains valid, with [AE + Bu) replaced by‘f(g,t) (Sce Doob

{171 and Mishchenko [4]).

Wonz end Zakail [6] have discussed the question of a theorem analogous
to theorem 2-7 for equations of the form (2-57). Tney concluded that in
the scalar case the following thieorem holds:

Let x(t) be a solution to equation (2-57), with all scalar

Theoren 2-5.

e e e e b e

variables., Let

. i+l i N
im (i) .50 (0 -mhYg e
¥y et R S AP SR V2 L% P TSN
n ( )—. r { ~1(L,— -—,~ - sgn LL— --——~——-_U L ,p“—-l— (t- Sl
= (2-5°
9. - Yi (4 ] ~s ] s 2.1 . Lo -~ z 4 b el o )
where M- is as delined -in theorem Z-7. Let x (£) be dGelined. by
[y L { n
dx: = 7(x7,t) at ¢+ c(x,t) dné (2-59)
It
. cc . . .
i) = 1o continuous in x and t

ii)  ©(x,t) is continuous in t

111)  |eGe,t) - f(xo,t)‘ <K 1x-xo\
for some K independcent of X%, X2 and t,

h
iv)  mlM(0)'] < e

Taen
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Loieme (6) = «"(%) (2-60)

f/"‘m
@ (] . ~r .
where x (t) satislfies the Ito equation
o PP 1 o 2C 4 4 o .
dx, = [£(x ,6) = 5 c(x ,t) =—=] at + c(x ,t) dn, . (2-61)
X .
Steted in words, theorem 2-0 says that iT the Brownien motion process,
n, in (2-57) is approximated by a piecewise linear funciion which con-
verzes to n as the grid gets smaller, then the resulting solution con-
verges in the mean, but not to the solution of (2-57). It converges in-
stead to the solution of (2-61). Note that (2-61) differs from (2-57)
. © [ale] - e . . o

only by the term c(x ,t) ——. Tous if c 1is not a function of x, the
sequence of approximate solutions to (2-57) converges to the solution of

(2-57) as the grid becomes finer.

Theorem 2-8 raises a question of particular interest to engineers.
Suppose & physical system is modeled according to (2-57). How should it
be simulated? The answer depends on whether the disturbance is more ac-
cureately described as a Brownizn motion process, or as sone approximation
to it.

The methods of Wong and Zakai‘do,not easily extend to the vector case

of (2-57). They have some discussion of this case, but do not reach any

definite conclusions.
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CHAPTER 3

DEFINITION OF THE BASIC PROBLIM AND IT3 RELATION TO

MISHCHENKO'S PROPLIM

3.1 Jntiroduction

This chapter deals with four related subjects:

1. A precise definition of the basic problem is stated and discussed.

2. Mishchenko's work (Chapter VII of [I]) on a related problem is
swrnarized.

3. The equivalence of the two problems is discussed.

L, Some of 'hhe. limitations and difficulties in the application of

Mishchenko's results to the basic problem are discussed.

3.2 Iasic Problem Definition

The basic problem to be considered here is the cholce of & control

u(t) for the system definecd by the stochastic differential eguation.
ax, = [Ax + Bu] at + Cdn,, x(0) = x (3-1)
The control is to maximize
I = Prob {x(t) € S for some ¢ € [0,T1}
T ' 2
-fo at || u(t) ”U (3-2)

o
-

where S = {x l 1Sk 1 < r(;’)} (3-3)




The following restrictions and definitions apply:

X . k4L
X = . X = :

% | L"m
A ismxmand has rank m

%1
u = . L<m

u

£

B {falty) - n(t)) [nley) = n(e))B =¥ ] £t

Yl has rank k

Cismnxk

=7
o

8 is k¥ x k and has rank k

Prob denotes probability.

F2r(8) 2r>0

(3-4)

(3-10)

(3-11)

(3-12)
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v =® 1] <x, L3, 8 >1 (3-16)

vhcre Kr, r and r arc constants.

The renk of [B, AB, A%B, --- , A" 'B] is m (3-17)
" 2 n-1 X -

The rank of [C, AC, AC, === , A" "Clism (3-18)

U is reel, symmetric, and positive definite (3-19)

Several corments on the above restrictions will be made:
1. The restriction that ¥ have rank k imposes no loss of generality.
Neither does the restriction on the form of CWC' imposed by
(3-13). Any system may be transforied so as to mect these re-
quirerents.
2. The restrictions (3-15) and (3-16) are required for estimating
the error of the approximation to the probability term of I
(see cquation (5-1)) developed in Chapter L.
3. Restriction (3-17) is nade to insure controllability for the
approach described in Chapter 6.
L. Restriction (3-18) gusranteecs the nonsingularity of
Cov [x(tg) ]x(tl)]. This restriction can alvays be ret by re-
FTorrmulation of the problemn,
Stated in words, the problem is to bring a stochastically disturbed
system from an initial state to a terminal manifold within a stated tire.
The performance criterion:cxpresses a compromise between encrgy used and

probability of hitting the target manifold.

Consider now the preblem sclved by Mishchenko [47.  In this problem
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Misheneinio considers two points in Euclidean m-space. Onz2, hose coouv-

dinates are given by the vector w, is controlled by the fun...on
v = glw,t,u) (2-20)

"ae other, whose coordinates are given by the vector v, moves randomly.

Sv=citically, v(t) is a Markov process vhose tronsition density satisfies

- 2

SR SR

AR B a,, - (3-21)

G Yot d) = ] (g, | )=0

"1 < - J Y ;:-7 t 21°1
: i 1 i,5 1" ( )l ('bl)
i X

vhere gj = ;0 component of the vector _EJ. (3-22)

v(t )\v(tl)(gz |g1) = probability density associated

with the event v(t ) = §2 given that v(t;) .= §,

Mishchento [471 then derives &n estinate for the fuaction

\I(tl,él,tz) Prob {\'v(t) -u{t)l ¢ S, for some t e T, t,]
3 S _ l ’J_")_l_
given v(t;) = 5y (3-2%)
where S'E = % Hx\l < G} v (3-25)

and € is a positive constant.

3. Bouivalence B2tween the Pasic Problenm and Mishch snko's Provlen

e]

Tne problen posed by equations (3-1) through (3-19) will now be pul

in the form of Mishchenko's problem. Let

d z = Azat+ Cdn, z(0) = x (3-26)

dy, =AY gt - B u at, y(0) = O (3-27)
Tnen

= 2=y (3-28)

According to theorems 2-5 and 2-6, 2(t) is a Warkov process with
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According o theorers 2-5 and 2-5, z(t) is o Markov process with

. ) m [a)

§ g 3/ak] N 5

2oy \ [_Af.\‘*'jBuj- a. + :; A\ (CWC )lj ..._...._."..........’\

R Yo L. gtae?
e ' i, J=1 .

Li
[ '

o —

Pe(s,) | x(¢) (] 8 =0 (3-29)

2
then

Prob {x() €8 for some t € [0,7]} = 4(0,%,T) (3-30)

The lefy hand side of (5-30) is identical o the probability term of

(3-2), cxeept for the definition of the target manifold. It turns out

+ Mishchenko's estimotion technique works better for the manifold &°

then Tor 6 As a watter of fact the form of S was motivated by compun

tationadl difficwliies irposed by the Lfom oi S

G‘

3.5 Some Liniiations snd Difficuliies in Mish cheniko!'s Work

The discussion up o +h19 peint nhas shown that Micshchenko's esii-
ration technique way be used to furnish an esfimaﬁc of the probabiliiy
tem of (3-2). Hoving obieined this estivate it is possible 4o epply
ne woxiianm principle and arrive at the desired control. Several poings
cecoerve conent here:

1. liichehenko shows that his estinete is accvrate 1o witlin

=2 , . ey
0(€. ). Tais means that the estimate is useful Tor cystens ol

o

order threc end higher only. For the k-dimensicnal torget S,
. . -2 ce
the error is o(ék ). though lishchenke dces not give actual

bownds for the error for the S, case, bounds for the error in the

riv

4p]

case are vorked out in Chapter L.

i
[

‘ic epnlication of the maximws: prineciple leads to a two poink

s
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boundary valuz problen. lorecver, the estiate of the probebility

tern, end hence the Homiltonian, contains m and k dirensicnal inte-

prals,

liishehenko asswnes that the & matrix has rank m. This is not the

'
AL

wcual case in problems of the type considered here. The necessary

(&%

modification to the estimation technique is carried cut in Chapter

.
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CHAPTZR &

APPLICATION AID MODIFICATION OF

FISHCHEIKO'S ESTIMATE

.1 Introduction

The purpose of this Chapter is to estimate
{(,8,t,) = Prob{x(t)€5 for some t§[tl,t2]lz(tl) = €} (4-1)

vhere x, S, and z are as defined in Chapier 3, and § is an m dimensional

e
vector. © This estimate is made by extending end modifyinz Mishchenkotls
tecunique. The modifications end extensions are as follows:

1. The definition of the target manifold is changed.
2. The requirement that the mairix a have ranik o is relaxed.
3. !/ bound For the error of the estimate is developed.

e technique will be epplied specifically to the problem whose forn is

defined by (3-29) and (3-30). The work will be carried out in three

1. ' An estimate of { will be constructed in transforued coordinatves.
2. A bound on the error of this estimate will be derived.
3 The expression for the estirate in the originel coordinate system

will be stated.

L,2 Construction of the Estirate

Mishchenko shows that if
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a

> B p 3 - -
[ S rg 5 ) ey ——] o (5,050 =0 (4-2)
- - |2 - (. .
1 S aglg\ z(t,) {2 (%)
then
[_i- " > Afl _:l + a ..._§2 ‘l ,t £ + ) = 0 (’-P )
a-bl' e afi 743 af"iar‘]'] YAl 95550/ 7 -3
i > i,] > e
Yhe initisl and boundary conditions are
1in ¥(ty,8,8,) = 0, [T S, )H .>r[t—y(t )2 (b-4)
t, 7t
1 2
1im "y ﬁ;(tl,ﬁ,tz) =1, t <t (4-5)
JECRIINEE O

where ¥y is as defined in Chapter 3, and

L
S anc y

v are k dineansional vectors

-k dimensional vecltors

v= [

. .
¢ and ¥y are

2

k",

| (&-6)

s

chongs of coordinates:
§ =€+ ylty) (h-7)
Q(bl, a:t ) = f\tl,J’{' ) (}4“8)
Thus
N |
. LS OE T (+-9)
“io,T. 9y e TE
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ay oo 1> ot S R <t I N <i
ot ot = ot, ¢, L ~F dt
1 1 j‘-‘l abJ 1 1 ,j'—'-lo.‘lj 1
m
3 1) 3% .
Ao ) E (e - Bule)],
v 1 .7 dE. J
J=1 73§
3%y 3%
i7%3 aSiCEJ

n m m
32 N v 28 .;‘ S 2%
S + B u), —=— a,, ——=— = 0
AL A E ARty
- i=) tod=l j=1 J
lim é(tl,-ﬁ:,tz) =0, for ||Ell >r(%)
ty = % 5+

‘f’ lirﬂ _:\_‘
el - »(®)
, o+

@(tl,E,tz) =1, for t, <t,

(k-10)

(4-11)

(4-12)

The next step in Mishchenko's procedure is to find a particular solu-

- 3 ~' -::\"‘ G, 3
tion, ¢ ,o(tl,&:,tz)} to

25 m m 20
:{9 - § i3 T 2-=0
(¥ L. - < (\g E‘;
1 i=1 j=l R
lim Qo(tl }?)i‘z) = O) for l ‘ ‘9! "
b Y

vaecre is a k dinensicanl vector

wb> vl

is an m=X dimensional vector

(4-16)

h-17)
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For convenience P may be written as

where 7.
1023

Led

end

Then

and

@ 0
o 1)

i~K

el

is the identity matrix of rank m-k.

=P §

enll

r(,\o’

O(tl’g’tz) = Qo(tl ,E’tz)

-z m = = n 5
B 5 P ¥ o
—=) =TT ") F'u
OF; g1 254 85 4o %%

325 mom 3%s ot
IS S S T
T, t g8 ¥
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(4-20)

(4-21.)

(h-24)
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2%e 0T 2%
= E } P, =———— P (b-26)
3%, 78 - Mgt W
i°°3 q=1 f=L 27°q
3%, 650 ( )
—o__o° h-27
Eftl ctl
Then
u a2 5, 2 : ‘az'éo
Doy ) Bty By = (4-28)
. L S Y X
i,5=1 %199 1,3,q,451 08175
Since
m
y 3
- t
D Pu fag P {?[aij]P_fl (4-29)
1,3=1 4
vhiere P' = trenspose of P, equation (4-28) may be written &as
m 524 a?éo
E 843 —_— 2 {P (2, PSS - (4-30)
9 P g 4 35,75

Using the nobatson of (#-19) and (4-21), since

'aTaj = N g, Jsea ek (4-31)

it Tollows that

~

a 0 “ I 0 '
[&ij]P' = [ o o.J [ 0 I, ] (4-32)
- |
(a,.]p' = [ o oy . /Ao 0.0 |
(4-33)
e 0y -~ — .
'or"ij?’w = 'L o AT VA o Ve s U J \-r-_)..)



32

Ik 0 -
P[aij 3})' = O ‘ O J (“’"35)

viiere Ik = idenbity matrix of rank k. Then (4-30) becomes

In qu? k 62;3‘ .
Y e = ) =28 (h-36)

iJ ¢ 3E s 7 2 .
i,3=1 5195 4=1 %y !

From (4-27) and (4-36), (4-16) end (4-17) become

3% k ?~
‘o o o
ot ) TE (1-37)
2=1 “>y
lim @ (tl,,, ) =0, for ||E}] > x(E) (4-38)
87t

The solution of (4-37) and (4-38) begins by finding a solution

¢, = 8,(8) to \ |
£ % (%) |
} —2— = 0 - (4-39)
o %y
Lin . 3(8) =1 (4-40)

~
o~ o
HEL] = »(%)
AL this voint the motivation for the choice of manifolds becones
epparent. VMishchenko's original choice of a wanifold which is spherical
in € coordinates results in one which is ellipsoidal in & coordinates.
As a result, this solution to (4-39), (4-40) is expressed in terms of a

Fredholm integral equation of the second kind. The domain ol the inte-

gral is the surface of the ellipsoid

|[E] 1:, = ¢ | (b-h1)
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The solution of this cquabicn presents monwnental mumerical diflficullice.
With the choice of the manifolds spocified by (4-h) and (4-5), the solu-

tion to (4-39) and (4-10) is

-2
QO(B,E) = e (b-k2)
181

This agrees with Mishchenko's results (4] for the case vhere [a'ij] is
the identity mabtrix.

The fundanentsl solution to (4-37) is

= e
exp { 11‘}'@“:" 5L }
TR ) (1-h3)
h(t t = = : =43
12=272° k/2 . /2
(2n) / 2(t -1, ) T
vhexre —'f\ is a X dimensicnal veclor
A particular solution to (4-37) and (4-38), then, is
—_ = rk-Z(:g) :..’:J g_‘ == L g : = g :::
Qo(tl’ g)tz) = Ti:é—ﬁ}-\:'-z~ - dﬂl.“d}'k h(ul>€,’0231‘=)90(",s)
T =
: 1=l >0
for tz > 'bl (1{...!],2;_)

The next step is to transform coordinates back to &, and thus get

an exprescion for & .

From (4-17a), (4-20), and (4-21),

o]
€= (4-15)
= %’ (4-46)
From (4-46),
&, @ s BRI -4
[fel} =% a'c' & (4-247)
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It followic from the definition of & tlhat

1

~
a «

N

L, (4-18)

L3

Then

oa' =al (4-k9)
and (4-47) becomes

e IR, (1-50

Then (4-hl) bLecomes

o2 2)
s (tl:g:tz) ""‘-%H}?_'—
2+l
(k-51)
fosg oy =4 ooy o A
- J aty..af Bt ,6,6,,1) 0o (M,E)
Fed
Il >0
a-1
vhere cﬁ is a % dimensional vector
[~ o>~ .2
L7 - 8l
e
expy~ ~TTi T -
1o (2x)"/ 2laet 372 l2(t -1, T
end
cr o~ oA k-2 % .
TEh - 2 (4-53)
R
. a-
Fext, let @*(tl,i,tz) be a solubion to (4-12), and let
F(t),5,1,) = 8y (6g,5,8,) + & (8,E,8,) (k-54)

Substitution into (4-13) shous that & wust satisfy
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A N 8%,
——,—442[As}-3u] —= a —
oty SR I
1= i 1,34
% _ 28
= - AT+ u31 — (4-55)
i=1 asl

The fundsment-l solution of (4-13) is E(tl,g tz,.) = probability

-

dencity asscciated with thz event
{A(u ) = T“A(t ) = E and x(t) € S
for ary t € (tl,tzj} (4-56)

vhere T 48 an m dirensional vector. Then a solution to (4-55) is

t, m “é

.7 - £ & 3 A ’\ c
él(tl,b,tz) = j; du an ...aTh q(tl,b,o i) (4% + Bu ?p
1 HT,H §=1
(4-57)

vhere thie argwients of éo are as follows
e o)
T,0) (4-58)

end

(4-59)

Consider now the initisl and boundary conditions of (4-54). Equa-

tions (4-17), (L4-91) through (1-53) and (4-57) clearly snow that

Lim - #(8),5,) = O, I|'€l|~_l > r (%) (4-60)

tl 2 a

Mistichenko arsues that since (Tl,r t,,ﬂ) is the probebility density

defincd in (4-55),
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lin E(tl,é,tz,iﬁ) = 0, for t, <t, (h-41)

IHIEEE

Tnen
lim @l(tl,—.é,tz) = 0, for t; <t, (4-62)
|15 Il r(%)
and hence
. 1im . @'X'(tl,”f;,tz) = lim @o(tl,'g‘,tz), for t, <t,
HE,,~ =D =
¢ (4-63)

vhere ’o is given in (4-51).

4.3 A Pound on the ¥rror of the Bstimnte

The error betwecen é(tl,E,tz), the solution to (4-13) through (4-15),

and &%(t.,%,4.) will now be estimated. Let the error term be

E( l) -J)tf)) ( l’.é:’t’a) g.(tl,.i;tz) (L]”'('/)ll')

¢
It is elcer that ée(tl,i,tz) is also a solution to (4-13). First, from

(4-1%), (4-60), and (b4-5h4),

vim & (t,,5,4,) = 0, for el > =) (4-%5)
ty i,
Froa (4-63), (4-88), (k-51), and (&-1%),
Loun e dh,5t,) = lin f dnl...cm h(bra; 2> T)E(T,%)
el -—=(®) HkH ~(3) \%%\
a-1 ~2
for t; <1, (4-66)
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A bound vill now be placed on (4-66). Fron (4-k5), (4-46), (4-50),

(4-53), (4-52) and (4-43), equation (4-65) becones

. lin . @e(tl,z,tz)
= .

:,limij d%‘f?(tlfé,tzﬁ) Z k-2
[Fe] |- (%) 17| > o Il

Then from (A-1), (A-24), (A-25) and (4-43),

K? 2 k-?
ke -2 r. %o (5)

K2

(6,,5,t,) < j sty > Ker(S)

0 < 1lin
|2 11 l—'r(_g) €

i V, t,t) < Ktr(%)
(4-68)

Then ée(tl,g,tz) satisties the hyovotheses of the Theorem of Appendix A.

Then 6€(tl,€,tz) is bounded sccording to (A-5h):

- o , Kk—z - =N e T oo
C < @E(tl,g,tz) < A(;,z) + ——-~?€:: r (%) @(tl’b’tz)

-2
k-2 2
2K,
for € € & 5, (t R,ta) (4-69)

where A is defined by (A-162)

S, . ic delined by (A-5%
Bu L J( ))
The final approximation involves the substitution of p for q in

(4i-57). Tane error may be estimated as follows, Let
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C.L(Ul’.—)té) = @l(tlaz:tz}

. € | " S
- -J‘ ao Jr' {-P(tl> 30‘:’“) Cl("l; 50, T‘)-‘z D\'n‘bu(c’)
t
R NG L > i=l
=1 : (4-70)
wner -
/nere ‘ 1,2 m a@
7 (45, 6,) = f a I at p(t B0 Y Wil =2 (b-1)
- S 1~l 1
|7 HN =9

end arguments of ¢ are as in (4-58).

E(tl,“ﬁ,o,:ﬁ) = probability density associated with the event

{x(o) = ’ﬁlx(‘cl) =€}, for t; <0 (k-72)
Let
TeltsEt,) = 2 (8,5,8,) - T (5),6,t,) (¥-73)

fien the error term QE may be estinated as follows:

t
2 — S . -

J\‘L JH d"‘[i)(tl,g,o’, > 2( SRE ;O':ﬂ)hl[HA'\L"BuH } 1"’.6'?0(1-‘]_’“’0)”?
i X :
* ot (-74)

Comparison of (4-72) with (4-56) yields

5(t13’§.>0’3) _>__ E(HE:Gﬁ) Z 0 ()‘""75)

Application of the law of the mean, and (4-75) to (k-74) yields

BT < Gopt) | ’ﬁ’ﬁ( ey T LHNTml] {92206, 5501

Til l
for sone Ee[tl,tzj (k-78)

From (k-76)



TR PR RN CREN R RTY
Tor g = tl

The estimation of 1'?:'6(1:1,-@,1:2)! Tor Eé(tl,tz) proceeds as follows.
wquations (4-72), (3-26) through (3-28), nnd Theorems 2-2, 2-

end 2-5 show that

exp - ’llT w(e) }

l(o: l/

(2 Plact U550 177

g(tl :E’E::ﬁ.) =

where -
. A 2
plo) = {éx>[[\o—t )] j < J exp[A(o-a) 3 u(c:)
l
o |
Y el - ‘ rl‘ oy 1 ( “
’Q‘(O‘,‘b]) = 2 da JLCXP‘_A(U-C{)]J [&i'i] iexp[A(mc:)]
)
Eetimabing as in (£-11h),
>x"‘_L
- _ (M;:l
P(tla‘ac’:ﬂl) f[ .)__.,_.; _jp()\a't 1"’1’%" "m
Lo !

viiere 7\~6J. end A —

of Qfe,t, ):

From (L-76) and (h-G1)

Ny T2
. Ctln’
lcﬂe(h é’ta)‘ < (Uz—-t]) J‘ {dn\ [*’*"—-—_] b(—}_\_oa{ £y

are respectively the wawlnun end mindmum eigenvel

(4-77)

35

(4-78)

(4-79)

(4-80)

(4-82)



e, ¢
'

Next let

|
i
} eTe(e) 1

| = —
; T=PFT0
| p=Py

Then (4-83) becones

.
t.-t — t
2 — _ —
,,,t )l 1 J an [ e J g(k__ ,P lp,) &t o,P ]T)
l '-—bt t l Gty
\ml\ =0 1
i\AP l_uLl U)l\ “}"V K (tl,Tl,O’)l‘ ()1‘-—86)
T
’ From (B-35)
e ™ w250 HR- el (4-87)
P
vhere
K, = 1 lax |lp ei]l (4-88)
1 < i<n
"
vhere €. 415 the n dirensional vector whose i“n elenent
is one ond wnose other elements are Z%ro
hen from (4-07) and (A-2),
|
-1 = T
\>()\' 34 U:k"‘ Ty (3) <
Ll Y1 ctl
/2 - iz :
KP / L(*\ Ot l,;., )\ & a, ") (1;..69)

From (B-20),
Hb.v:ﬁ % (t,,7,0) | = x5 HV:T_;_ 7 (t,7,5)

i

Yofa

B2}

)

(4-8lt)

(1-85)

(1-20)

|l
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where
' = ! 4-
K, m . szxs . Ilp ein (4-91)
and
lae™ 7l < x,p-2li7l (h-92)
where
K _,=m  Max [art e (4-93)
AP lcienm
and
IBu@) < x5 uto)] (h-54)
where |
= o
Ky =m . S#:fs . I8 ein (4-95)

Substitution into (4-86) from (4-89), (4-90), (4-91), (4-93), and (D-16)
yields

~ t - = =
ety Botdls 1 (o o) dhe(xs, thEdsy 5,0)
7 > o 1 !
r , +1)F 52 (k- 2) (T k-3
K, -1 (IF + 181 + ko)) [ 220 !
L I = Fam

for G €(t,, t,) (4-96)

From (4-96), (A-1), (A-22), (A-26), end (a-38)

m/2 [F.G-t] + H&H + P @)l IF 52
KP' <=tF 3 [Kp N 1_1 — “E“T:-l 3




L2

o2 T L 1 ey oyt ke 34
. P 4 [u;),\ﬁ»-tl - F@il‘é” + IK‘YHu(c)[U e 33
Zik-2
HEl |
Fg o33 _
N I for ¢ €(t;,t,) (4-97)
HEl® :
vhere
5 >4+ 1
Fy = KAP_l(k-z)v(v+1) x ok \/3.6 £ K, (4-98)
F, = KAP_l(k-—Z)V(V-rl) 5o ek (14-99)
Fy= KB(k-Z)V(V-l-l) (4-100)
F) = xAP_l(k-z)V(V+1) (4-101)
F5 = KAP—l(k-z)(V.'L:.L)ﬂ" p,m-lf\l-?-\&'thP (4-1.02)
Fe = KAP_l(k-Z)(‘I~:-l)Vk o,m-k (4-103)
Fy = KB(’--z)(i?-;-l)V (4-204)
Fg = K l(k-Z)(V-:-l)V (4-105)
AP”
Froa (4-77), (4-90), (D-9), and (D-10),
's‘?e(tl,';,tz) = 0 for G = t, _(u-loS)

The solution whose errvor has been estimated from (4-Sk) is &re .

1

An ezaminsbion of the error estimates shows that the error has been shown

b—-’ - .
to be O(r" 2), wnile lishchenko [11] claims that it is of

-k-2
) L]

r As &



L3

~Kk-2 Y.

ratter ol JTuct, the crror iz ofr This wmay be caown as follows.

e k-2 . -
Firsht, the error terms of (r~b)) are o(i ). It has been concluded also

(sce (L4-74) through (%»95)) that
tﬁ

f do ‘F . dﬂpfbl,s o, W L] AT + Bul | Hv@ olt5M,0) ]

tl ll‘nlﬁ,l_

= o(z*% (4-107)

Troag (u ()) and \L 107), there e:ist positive constants K. and K. such
q

that tz

AR P e R L AL IR DN

J"C H'lH >0 1 1 ! i o)

J. ~" A
@ L7 k-2 ' P
<(x-X)rx (4-12.08)
P g
Froa the delinition of 5 and E,
lin P(t~ > _,,C‘ 'i ] :.'-;;:)0:;‘-1) (ll--lOQ)
r=0 . .
Then
lin ({.-X)=0 (h-110)
r =0 P q
than Jrom (B-7%), (B-208), and (4-110),
Y k-2 |
tec(6y,8%,) ] = oz ) (4-111)

transform from § coordinates back to § coordi-

\"'O(tl:g)tz) = éO(‘tl 523%2) (;L—ll'a)
b (by8505) = 5 (655,80, (4-113)
1% (b.l.’ Sy ) = .:"O(tl’ ':ntz) 1 \,-\("1: ::tz) (l"‘llh')



The from (4=7), (4=51) through (4-53),
rf2(€-5(t,))

foltarteta) = eI
- dfly o eedfy B(ty,E,t N (,8)
j_ypo 2
where Hﬂ"g"’:"(tl)"
exp{ - z,,(' -
h(tlo:'tzoﬁ) = 11'

(2n )/ 21 det a]l/ 2r2(t -tl)]

R i 5 C%)

(ﬂog) =

- k=2
° (e
a

where 7] is a k dimensional vector. From (4-71),

L
¥,(ty,8,t,)=( “do [dn
1180508, ftl i ”

z(o)lz(tl

where n is the m dimensional vector with

o

and the arguments of ¥, are as follows:

The expression for -a-— is
My
3 dF, =j
ny - 1 ANy dny
where -
N e Pl - vla ]
[ Ly JN J

From (4-122),

*0 = *o(oonvtz)

(4-115)

(4-116)

(+-117)

o
(i), 2 (AL-3(e)Bu(o)) 352

(4-118)

(4119)

(4~120)

(4=121)
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= b= P 4123
ji o~ i | (+-223)

From (4-21), (%-12)), and (4-123),
k

ey -
o) ~~ “~ &=
s = z C. . (‘7_’:’ & (0'>'n)t

i .12l
131 % 2)]j:l_<_k . (h-12k)
i

From (D-9), (4-21), (4-b5), (4-48), (4-50), and (4-116), and (k-122)
(023 (07,8,) ] = -(e-2)™2 (3(o))

W J k

f}' JF ),
{ l‘ﬂ-y(c)ll

P C -——:‘--—RW h(o,"ﬂ,tz,C)J
2L zo ey
et (k-125)

where 7 is a % dimensional vector.
Yote that

k k k} k

~ ~' - o~ N' ) _ Ve

}.aij i, 27 >L },aij 2 (h-3.25)

=1 2=1 I=1 j=1

k k k

\- o = > Y .12

L %3 E.%z @A)y, (4-127)

=1 £=1 i=1

then from (B-21), (4-49), (h-;aB) (h-12h), (%-125), and (4-127),

T - ¥o)
\‘qiy(c)‘lh

Ver § = - (x-2) 72 (3-%(0)) &l{

N

j d~-;;—~—-— h(a,%,1,, 7)) (5-128)

-]_"'

8.

-
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CHAPTER 5
THE TO-POLLT DOUTDARY VALUE PROBLIH

5.1 Introduction

The purpose of this chapter is to use the resuvlts obtained so far

{wo-

o

to woduce the problem stated by equations (3-1) through (3-19) to

boundary value problem, and to present an algorithm for the solu-

4 wae shown in Chepter 3 that the provlem stated by (3-1) throach

(3-1%) is equivelent to the folloving problem: Find the control u which
mininizes
T
- [ el @ll - eE)
B J 2 .LL v/ U - \UsAyd
0

]
i
:?
!
&
=
v
<
N
o
—
il
O
~
fS)
1
o

whens
5%, ,5,%,) = Prob{(t) € 8 for sone v € [tl,tf]!z(t.)zg}
1 [ 4 1
e
(5-3)
dz = Az dat + Cdn (5-u)
fhe restoichions and definitions are as stated in Chapter 3.
in Chanter &, en estivate lor & was developed. Mls estimate, v,

(iv225), and (4-129). The procedure
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in this chapter is to accept this estimate as the probability portion of
the performance index. Moreover, according to (4-115), *o( O,f,tz) does
not depend on u or y(t), t > O, Then this term may be dropped without
affecting the choice of u. Thus the performance index to be minimized is

I= fT '|u(t)]|2 dt - ¢_(0,X,T) (5-5)
- . o { U 1 [ Riall
where
- T %,
v,(0.X.T) = Jatf dn pz(t)‘z(o)('an) ) ALy () Bu(t) )y 22 3"1
“"";—1->-° (5-6)
and
vy ==(k-2)r 2 i(4) 18
1{|n-y( )||
- af L n(t,H1,8)) (5~7)
Ien_zo " VW=,
Vay = (k—2) -3“7"?( )
m e i nn-ymn
) ‘-ﬁS-tﬁ-ﬁ} v rli-5(£)]) (5-8)

LT

The problem is now ready for application of the Pontryagin Maximum

Prineiple, The Hamiltonian, H, is

2 _m v,
i = #(Ay-Bu)-lul + jmaod:npz(t”z(o)(nlx)gl fA[n-y}+Bu} L 3, (5-9)



i
|
!
ii:’s the adjoint varleble, Let

= Max il = H{u") . (5-10)

vhere v ois the optinal control. Then

& = - Yy (5-21)
us

e e . R
Prom the transversality condivlion,

() =0 (5-2.2)

o

Ll

Pinally, fron (5-2)

v = Ay - Bu¥, y(0) =0 (5-13)
Bguations (5-9) throuzh (5-12) define the two point boundary value pro-
.D].C de

fhe alzoriihm for the solution of the two point boundary value provlem

L=-2ur | 4T 2y () o (0) (T HIB" Ty o - B (5-1%)

>0
ol

The expression Tor Vyﬁ is

. ":\r , ']
7 DT -4"9 0 +9 Uy [A(T-y)+D
0 2, 4 [0y HFITA! Tl Ty o (Tl

il .20 (5-15)

~
a~t

vaere, vy (5-7) ana {5-3),

<
<

e«
=3
<
o]
Y
<

j
' T } (5-16)
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& g1 ~133,,1
- M—_—-—J + . af n(t,m,T, ?’)[‘W’l‘pz -k é‘-ﬁ-‘;-zg—](s-n)

el s 71
|1 T, ..C!§_1_>_o -1 ch

~l,
[F-¥ "er(t—y)]}

92 1-9) D

v_=-(k-2)"0 2 (8-F
";:\J._’\""L
RS ~1
r 7L
- Ji ~z QC—"‘—:?:{*“,-:** i(v,lx,;,C)) e (;'19‘)
t‘(—l‘N_lZO'l“ AL

- j‘ ir = (. J..Tz.r:'?.?.(..}
? op vii= g
el >0 HCHN,I
! a—f..]_"' a.

{2 Ao 2N [ (BT

A A W
. o - P
s Vg_ Vﬁ.!r\ .',"'j)} (5- ".O)

—ossters Volue Probleon

=) N A, -
/~3 ﬁl"O.L .Lu.L,. -0 the WO~ Point oW :
LOIT ~ 0k bahs A T i R e e e e

5. 3.1 he Oom lu ale (rads 3t Machniaue

[} - K . S PR - R N I oI A 2 et
Tne vesic almoritl o 02 Gl LT WLl scilution ol tha two poinw
2

oo rAsTy value oroulaen ol Len s procadure described by



~ -
e L s LTI [ I DR SR P
Lz SOGn, L0 al, .1_] f_l. Vs 270 lena

tro), w(t), and guouionies sucees

i/ T
ceut (), e Toe

"

give

]T‘ ..... O

ved convrols,

i 5 R L4 - “ .
stennszt descont' technigue in two respecis:

ra
o
1]
)
fo]
.-
[
o+
o
“
)—-
—
=)

(2) Tne suep size is chosen b

at ecach immrovement.

N i, -
(1} The improvesent on u” is not in the
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Dhe dineroment inows ic deberniold by two quantities: clep slze, ot
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o R i . . pes .
¢nd "dirccotion, S (t). OSpecificnlly,

W) = ut(e) 1t sN() (5-25)

tode

The step size is chosen to mininize the performance index. That is, «

is cheoen so that

~
p3|
1
g}
O\
~

I(u14alsl) = Min P(uteesT)
0<au

A blook dizgran of the alzorithm for carrying out this mininization 1s

The basic idea of this schene ig as follows. The
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T(utat) < St (D)e (5-29)
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?{(u)'-‘.{.{sl)j’ «j:’j‘"l 9333';'1' (5"30)
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The above discussion covers the in features of the algorithi chown
in Pipwre 5-2. The Tollowing Hwo resarks on this algorithm couplete the
¢iscucsion of it:
(1) The initial value given to ¢y, (in block A of Figure 5-2) ig
based on the egquation (Sce [13.1)
a 2, i 1 i -
= - I{u o) = G (5-3%)
=0

\)

(The syvholn Gy Oqs and ¢, have the following signiTicance.
- . [«

During each iterestion of the loop emterzd at block T of
are 5-2 and exited at block € of Figuwve 5-2, three velues

of ¢ eve revained: ., ¢, = aO+D, Uzrci+n)

a entered &t tlock B of Figure 5-2

cr

(2) ‘The poriion of the algeri
serves the following wuroose, If the initial value assigned
to ¢4 is oo levge, the initiel incroment in @ will not produce
& deerceze in I. I this hapoens, the increwents in ¢ are

- M . / . .-
Jf the step size oyh is still oo

a
e}
A
I
.

reauced vy a fector of
-
large te nrodure a Cecyraongse in I, the algorithm asswres that

e . . , . i
the winiulzation is comlote, exd oscisns the value O Lo ¢,

Tne discussion roturns now to the elzorithn of Fisure 5-1.  Block
¥ oreororente o storning conditicu. It ray be one of several types of
contitlions, €.o., 2 Tivwed awber of iterations or & tnreshold on the de-

- A_
crense in 1.
5.2.2 Yl Advevedone Tntaeen) ComentatTon

. - \ - -
of eynabticng {(S-14), (5-15), and (5-20) raeveals thab

TS

the covubatlions invelved in the slgorilins ghoun In ¥isures 5-1 and 5-2
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involve the evaluation of several multidimensional integrals whose inte-
grands contain the factor pz(t)lz(o)(n‘i) or the factor h(t,n,T7,C). The
evaluation of these integrals is based on the fact that these factors
are Gaussian probability densities, This leads naturally to the Monte
Carlo technique described in detail in Appendix E., The main results of
this appendix are the following. Let IF be an integral of the form

Ip = [ an p(n) F(n) (5-35)
where 1 is a d dimensional vector,

F is a Baire function whose domain is Ed and whose

range is Ec,
p(n) is a Gaussian probability density with mean

and covariance A.

Then
l.i.m. % F(p, ete = I (5-36)
N i=1
where
1.1 d d
PA = ‘[\/)‘—/; VAI e ) ‘V/A_A VA ’ (5"37)
1 d
AA s eee 3 XA are the eigenvalues of A,
1 d .
vA s see vA are the corresponding eigenvectors,
Ci, i=1, ..., N, are independent Gaussian random

vectors with mean zero and covariance matrix

the identity matrix.
This result is applied to the computation of the integrals in equations
(5-14), (5-15), and (5-20) as follows. A random number generator is
used to generate the Ci. A finite sum of the form appearing in (5-36)

is used to approximate the desired integral.
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ccvrz(t)l H(O)? yoy be corputed according to

!‘.’.-,’ =z [‘..1_.!.”’. ”'.;(O) = i:f (5_58)
Q:, = AQZ + C'Y.A' + C‘.C', Q(O) = 0 ([)_')9)

S

’;,7’(-:;) = () l 2(0) = )
Qz(t) = covlz(t) | #(0) = X (5-b2)

5. 5.5 Swueary end Discussion
T overrll proccdure fox the solutlon of the two-polut boundary

follova:

Cabrix PQ(t) and the vector p(t).
=y cith O substliuvuted Tor A.) hio
by using eguiions (5-28) throvzh (,-11)

ol for the cowputation of eigenveciols

snd el gouvalucn,
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G p before rather than

~ U A - - . - P .
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S.Q;Qﬂﬁaﬁﬁhaence

5.4.1 Sco,pe and *’urposa

- -

i‘is sect Qon deals with the cunv"“'cdce of

d:.scu%-‘ : i

plgoritim as applied to the present problem. What follows isk

ion rather than a proof. This discussion is intended o sez:'ve'_j_,"c;vro pur- L 2

It provides a basis for understanding + e.mrical work de.,cr:.be

irJ"

in Chapter 7. . o »
It indicates the lines along which a convergence proof might be

constructed,

TR

The discussion is in two paf’tS. The first part deals with th
onvorgence of the algoriﬁhm if the multidimensional integrals appea.
the expressions for I, v H, and vyH could be computed precisely.

‘second part deals with the effects of the randem srrors arising Lfrowm

onve Carlo. co‘..nuta*m o; u,nege :.m,ecrrals.
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5.4.2 Convergence with Exact Computation of Integrals

Let Il, Iz. eeey Ii, «ss bo the sequence of performance indices
corresponding to the sequence of controls ul. uz, coey ui, eso generated
by successive iterations of the algorithm, Since the energy term of
Ii is positive semidefinite, and the probability term is less than
unity, the sequence of performance indices is bounded below. Since at
sach step the algorithm selects step size (o) to minimize each successive
Ii, the sequence of performance indices is monotonic decreasing. Then
the sequence of performance indices is monotonic decreasing and bounded
below. Therefore there exists a number I such that

1m Tr=1 (5~11a)
i+

There is no guarantee that I is a global minimum, This provides
further motivation to genersate more than one initial control.

The convergence of the sequence of controls, ui, is discussed by
Lasden [13].

5.4,3 Convergence with Monte Carlo Computation of Integrals

A second aspect of convergence is connected with the Monte Carlo
method of computing the multidimensional integrals which appear in the
expressions for I, v i, and VyH. This technique (see section 5.3.2 and
Appendix E) contributes a random error to the computation at each itera-
tion of the algorithm. The effect of this random error on convergence
will now be discussed.

The discussion begins with the rewritting of equations (5-22),
(5-23), and (5-24) to include the error term arising from the Monte

Carlo computation:

e s L
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a i

3 = -V + € (5-42)
3Hlai }

'Y i

&t [v_iH]'[v_iH] + €. (5-43)
u u G

=1 gt .- i

57(t) = V_iH + o7 ST (t) + GS (5-44)

u G

where
i
Ei is the random error arising from the Monte Carlo computation of

ke

Gg is the random error arising from the Monte Carlo computation of

'
v A1 [7,H]

E; is the random error arising from the Monte Carlo computation of
i
qu and G~

and the super bar denotes computed values, e.ge. 5t 15 the computed value
of Si.
It was established in Appendix E that the expectations of the € are
zero, and that their variances are proportional to 1/Ni, where 1\1i is the
mmber of terms in the Monte Carlo sum used to approximate the integral
on the i*h iteration.

Each iteration of the conjugate gradient algorithm may be viewed as

a functional transformation from ui to i"'l.

w1 = Pipady (5-45)
where T is defined by the block diagram shown in Figure 5-1, Similarly,
let T% be the same transformation with equation (5-42), (5-43), and
(5-b4) substituted for (5-22), (5-23), and (5-24), respectively. Thus
the sequence of ﬁi defined by

ai+l - ,-l-,i [ﬁi] (5-46)



62

is the sequence of controls generated by the conjugate gradient algorithm
with Monte Carlo computation of certain of the integrals, while the
sequence ul defined by equation (5-45) is the sequence of controls
generated by the conjugate gradient algorithm with precise computation

of these integrals. Consider now the difference between ﬁi and ui.

Suppose that the transformation fi has two properties:

Froly = oMy Sty (5-47)
where

i+ o

N

ot + 57 = o 4 ) + Es) (5-49)
where

1.ium. £35(8) = 0 (5-50)

5§ -0

Equations (5-47) and (5-48) assert that the Monte Carlo error term on

i i
wi*l ey be made arbitrarily small by making the E;, Eé. and €5 terms of
equations (5-42), (5~43), and (5-44) sufficiently small., Equations

’ -i
(5~49) and (5-50) assert a continuity property for T .
i

Consider now the difference between the sequence of u™ and the
-1

sequence of u ,

-] =0 o

u =T [u’] (5-51)
From (5-47), (5~48), and (5-51),

= @+ €°(N%) = 0 (5-52)

l.i.m, €°(8°) = 0 (5-53)

N% o

Next, =T [u] (5-54)
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From (5-47) through (5-50) and (5-52) through (5-54),
R = o2+ ) 4+ B [P0 (5-55)
Toiems €F = 0 (5-56)
i
N e
-1
leiem, € =0 (5-57)
N°+ 0
Let
2oty + 2wl (5-58)
From (5-56), (5-57), and (5-58),
LiwmE = 0 (5-59)
N 2o
NO-O ®

The pattern, them, is

G+l _ o1 i

+ €

| (5-60)
| o dah) + @ et el eemon ) (5-61)
‘ leim. € =0 (5-62)

Thus it is possible to keep ﬁi arbitrarily close to ut by choosing Ni,
wi=l . N© sufficiently large.

One other aspect of convergence connected with the Monte Carlo
computation of the integrels is the termination of the algorithm,
Figure 5-2 indicates that if no improvement of the performance index is
obtained for step size i(ui)/(}fL or for £ of this step size, the algorithm

terminates., Thus if the Monte Carlo error involved in the computation
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of T is large enough, the algorithm may terminate even though a better
control has been found. The probability of such an event can be made

arbitrarily low by choosing NfL suitably large.
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lu(t) -0 s b > 1
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1S[u i Is[u_, for every 1
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)] < v )7

[ ) 112 at (6-5)

sULSCTU U0
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makes use of the following approximation to (6-6):

X = Ax + Bu(t) + cﬁ!’(t), x(0) = x (6-21)
where
£-1
i (6)p JE Z, (san(t - 3F)-senlt - DIyt (6-22)

and the N\ are as defined by (2-31) and (2-32). A block diagram of the
algorithm is shown in Figure 6-1. A brief description of it is as follows.
The time interval [0,T] is divided into £ equal subintervals. x(t) is

then computed for each of the subinterval endpoints. At each endpoint,

1 e~ 1 ~
;(;7 "x":_l is checked against the minimum previous value of‘;(§7 "x";_l

If ;%§7”§”~-1 is less than the previous minimum it becomes the new mini-
a
mum. Thus at t=T, the smallest value of —%.-5 Idl . attained during the
r(x E-l
time interval has been determined (and stored in the XWéRA array). The
procedure is then repeated for a new sample function of ﬁz. After repeat-
ing the procedure NC times the XNERL array is sorted so that the largest

value appears first, the second largest value appears next, and so forth.

N.-i+1
Thus & plot of —% versus XN¢RL(1) gives an estimate of the plot of
C
Prob{ Min ||X(¢)|| 1<k r(%)} versus k_. The reasons for choosing
o~ b r r
0<t<T a :

a8 parabolic fit to the points thus obtained will be given in the dis-
cussion of the sample problem.

6.3 A Sample Problem

6.3.1 Statement of the Problem

An engineering system typical of the type to which the above techni-
ques apply is shown in functional block diagram form in Figure 6-2, in
operational block diagram form in Figure 6-3, and in state variable form

in Figure 6-4. That the system chosen is of a representative type is
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probability of success in a reasoncble time interval., The perforrance in-
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the optirdzation techniques developed above:l
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Using (G-k2), (6-16), (6-17), and (6-55), then, it is possible to compute
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CHAPTER 7

NUMERICAL RESULTS BASED ON THE ; ESTIMATE

7.1 Introduction
In Chapter 4, an estimate, ;, to the probability term of the per-

formance index was developed, while in Chapter 5, an algorithm utilizing
the § estimate for the selution of the basic optimization problem was
presented, In the present chapter, numerical results from the applica-

tion of the analysis in Chapters 4 and 5 to the sample problem stated in

Chapter 6 are given.

The accuracy of the ¥ estimate is investigated by comparison of the
Jestimate of the performance index probability term for controls in ¥,
and ¥, (the subclasses of controls corresponding to problems Pl and P2
respectively, as discussed in Chapter 6) with the results obtained in
Chapter 6 (via observation of a digital simulation of the system).

The conjugate gradient algorithm presented in Chapter 5 is applied
to the sample problem stated in Chapter 6, using two different controls
as starting points.

The first starting control is the control in 31 corresponding to

Té= 1.0 (see Chapter 6). The reason for choosing this starting point is

that Figure 6-14 suggests that ressonably steep gradients appear here.
to

/8]

The second starting control is the control in 32 correspondin

7]

K= 10~%. The peason for choosing this starting point is that thi
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represents the best control found in Chapter 6., Thus any further

improvement demonstrates the usefulness of the optimization algorithm

of Chapter 5.

Some comments are made on the convergence of the conjugate gradient

algorithm in light of the numerical results,
Discussion of the computational aspects of the work described in

this chapter is contained in Appendix H.

7.2 Accuracy of the § Estimate

7.2.1 Control-independent Term
The ‘}' estimate, whose accuracy is to be checked, 1s given by equa~

tion (4-114), An examination of equations (4-115), (4-116), and (4-117)
shows that ¢  does not depend on the control. Thus it is necessary to
compute this term only once. (This was noted in Chapter 5, and §  vas
dropped from the performance index.) The computation of ¥ (0, X, T),
where % and T are the initial state and final time for the sample pro-
biem stated in Chapter 6, was carried out by the FORTRAN program shown
in Table H-2. The results of this computation are shown in Figure 7-1l.
In this Figure NM is the number of terms in the Monte Carlo ,estixmtion
of the integral appearing in equation (4=-115). The value of ¥, is
taken to be 0.02 in the remainder of this chapter. All subsequent v
estimates of the probability term include this number.

7e242 ¥ For Controls in 3‘1
As stated in section 6.2, the class, 371, of controls considered in

suboptimal problem Pl is parameterized by T,. Controls were computed
for a range of T and t.he; estimates corresponding to them were com-

puted. Corresponding probability estimates were made in Chapter 6 by
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observation of a digital simulation of the system. The results of these
observations are plotted in Figure 613, A comparison of these results
with the § estimates is shown in Figure 7-2. The solid line is the same
curve which appears in Figure 6-13. S5ix terms were used in the Monte
Carlo estimate of the integrals appearing in *1‘

An examination of Figure 7-2 indicates that the error in the v
estimate of probability increases with probability. This is in accordance
with the error bound given by equation (4-69)., The term V(E,_!_j) (see
equations (A-162) and (A-150) through (A-153)) contains terms with fac-
tors of R to various negative powers. R (see equation(A-56)) is a lower
bound on E[Hxﬂ ] over the time interval [0,T]. Thus the error in the
probability estim.te corresponding to controls which bring “x“ close
to gero tends to be large. These controls also tend to yield high
probability of hitting the target manifold, Thus an increase in prob-
ability estimate error as probablility increases might be expected.

7e243 ; for Controls in F,

Following the same procedure as for '.r'l controls, results were ob-
tained for ¥, controls, which are parameterized by K (see é_ection 6.4),
The results are shown in Figure 7-3. The increase in the error of the
estimate of probability as probability increases appears even more
clearly here than it did in Figure 7-2. An additional feature which
shows up in Figure 7-3 is that the slope of the tV-est'.:\.mad',e of probability
versus Ku is incorrect for small Ku' This suggests the possibility

that the error in the estimate of the probebility term could cause the

orithm to search in the wrong direction.

~ov Sas @
COLjuUga ve gia 343 gorliinm
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7.3 Optimization Results

7.3.1 Starting Point in 31

Several iterations of the algorithm shown in Figure 5-1 were carried
out for the sample problem stated in Chapter 6, using the control in ¥
correspording to Tc= 1.0 as a starting point. The results are shown in
Figure 7-4. The solid lines in this figure comnect the indices corresponding
to the controls existing at successive passes through block F of Figure

5.1, The dotted lines connect the indices corresponding to the controls

existing at successive passes through block B of Figure 5-2. (The

dotted lines correspond to the curve shown in Figure 5=3).

The probability term for the control corresponding to the final
point of Figure 7-4 was computed from observations on a digital simula-
tion of the system as described in Chapter 6. The results are shown in
Figure 7-5., Using these results the final performance index is
I = 0.24 (7-1)
The apparent error in the computation of the minimum performance

index over each iteration is attributable to error in the Monte Carlo

estimate of integrals., This also accounts for the " jump" at the third
iteration., Each iteration begins by recaleulating the performance
index corresponding to the control generated by the preceeding index.

Except at the third iteration, the two computations were in agreement
to two significant figures.

The control corresponding to the final point in Figure 7-l is
shown in Figure 7-6. The “x(t)ng._l trajectory corresponding to this

control and no random disturbance (that is with n = 0) is shown in

Figure 7-7.
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corresponding to K = 10‘“’ (the optimum control for P2).

shown in Figure 7-8.

iteration was computed from ob

114

7.3.2 Starting Point in 5‘2
Two iterations of the algorithm shown in Figure 5-1 were carried out

for the sample problem stated in Chapter 6, using the control in ¥,

The results are

(The lines in Figure 7-8 have the same significance

as those in Figure 7-4),

The probability term for the control corresponding to the final

servations on a digital simulation of the
system as described in Chapter 6. The results are shown in Figure 7-9.
Using these results the fimal performance index 1s

I=- 0,08 (7-2)

7.4 Comments on Convergence

The convergence of the conjugate gradient algorithm appears to

have been affected by the following factors:
1., local minima;
2. Monte Carlo error;

3. error in the 'F estimate.

The first two factors were anticipated in section 5.4, The shapes of the

curves in Figures 7-4 and 7-8 suggest that local minima were being

approached, In both Figures the effect of Monte Carlo error on the

minimization over one iteration was apparent, In Figure 7-8 this appears

to have been rather critical.

The third factor, error in the § estimate, was probably important

in the optimization shown in Figure 7-8, Not only was the error in 7
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possibility that the error in § caused the algorithm to search ina

significantly incorrect direction.
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CHAPTER 8

SUMMARY AND CONCLUSIONS

8.1 Sumary
A stochastic optimal control problem whose novel feature is the

probability term in the performance index was formulated. The mathemati-

cal foundation on which the problem rests was reviewed. Two methods of

attack on the problem were investigated:

1. A closed form estimate of the probability term was obtained by con-
strueting an approximate solution to the diffusion equation.
Pontryagin's maximum principle was applied to yield a two-point

boundary value problem, and the conjugate gradient algorithm was

applied for computation.

2., A suboptimal solution was obtained by formulating an appealing single:
parameter subclass of controls. The probability term was then
found by digital simulation, and the class of controls was searched
over its parameter for the optimal solution.

A sample problem was formulated and numerical results were obtained by

both methods,
8,2 Conclusions
8.2.1 Suboptimal Solution

One of the most appealing features of the suboptimal approach

[}

2
E
ol

that it allows the user to exercise ingenuity in the selection of the
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subclass of controls. In Chapter 6 it was seen that the application of

judgement to the results from one class of controls lead to the formula-

tion of a better class. An obvious disadvantage of the method is that

it offers no information as to the optimum solution,

Tt was observed in section 6.5 that the accuracy of the estimate of
the probability term increases with probability. Thus the method is
most effective if the optimal performance index has a relatively high
probability term.

8,2.2 Conjugate Gradient Method

In contrast to the suboptimal method, this method is rather mechani-
cal and does not allow much room for ingenuity. It does offer some
jnformation about the optimum solution, subject to the following comments:
1., The accuracy of the estimate of the probability term depends on

a ‘mummber of things, including the problem parameters, the con-

trol, and the Monte Carlo estimate of the integrals.

2., The conjugate gradient algorithm may converge to local minima,.

It was observed in section 7.,2.2 that the accuracy of the estimate
of the probability term decreases with increasing probability. Thus, in
contrast to the suboptimal method, this method is most effective if the
optimal performance index has a relatively low probability term.

8+2,3 General Comments

The efficient use of computation time in both the above methods de-
pends on the tradeoff of the number of Monte Carlo samples against the
size of the time increment. The work done in Chapter 6 employed a time
inerement of .001. For this time increment, thirty six trials (points

in Figures 6~5 through 6-9) required approximately twenty minutes of



TBM 7094 time. In the work done in Chapter 7, a time increment o

was used, This was apparently

120

f 01

justified, since the Q, matrix (see

equation (5-39)) computed with a time inerement of..0l agreed with the

Q, matrix computed with a time increment of .00l to at least four

significant figures in each element, If this had been recognized during

the work of Chapter 6, computing time could have been used much more

efficiently.
A general cbservation on the relationship between the two methods

is that they tend to complement each other. While one works best for low
probabilities, the other works best for high probabilities, The subopti-
mal method provides a variety of appealing starting points for the
conjugate gradient algorithm, This alleviates the problem of local
minima, The conjugate gradient algorithm provides a possibility for
improving on the best control in a subclass which has been searched by
the suboptimal method., Thus the two methods should be viewed as com-
plementary rather than competitive.

8.3 Avenues for Future Investigation

8+.3.1 Linear Systems

The suboptimal method could be continued by seeking new subclasses.
For example, a time varying factor might be included in the integrand
of ecuation (6-41). An examination of the distribution of target mani-
fold intercept times should suggest the general form of such a factor.

The effectiveness of the conjugate gradient method as a function of
the number of terms in the Monte Carlo estimate of integrals should be
investigated further, both theoretically and computationally.

The effect of system characteristics (e.g. pole and zero locations)
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on the problem should be investigated.

8.3.,2 Non-linear Systems
Within the limitations discussed in section 2.4, the suboptimal

method applies as easily to non-linear systems as to linear systems,

provided that suitable subelasses of controls can be generated. The closed

form probability estimate used in the conjugate gradient method, on the

other hand, would have to be completely reworked. The formulation in

section 3.4 makes irmediate use of the linearity of the system. This

could probably be avoided, since the system state is still a diffusion

process for a broad class of non-linear systems (as mentioned in section

2.4)., The construction of an approximate solution for such an equation

is carried out in form by Mishchenko [4], [11]. This solution makes use

of the transition density of the system state, as did the case considered

here, A method for computing the transition density in the non-linear

case would have to be found.
8.3.3 Closed Loop Solution
The only subject treated here has been the open loop solution of

the problem. The closed loop solution should also be investigated. The
application of the dynamic programming approach to the closed loop pro-

blem gives rise to some interesting questions. This comes about as

follows. Let

5, 7) = Min [ J’fuumnfj at - §(1,%,1)] (8-1)
with ’

dx, = (Ax + Bu)dt + Cdny, (1) =% (8-2)
where a, U, ¥, X, A, B, C, and n are defined as in equations

(3-1), (3-2), and (41).
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Thus, the basic problem has been imbedded in a larger problem by making
variable the initial time and state. Formal application of the principal
of optimality leads to

0 = Min {[v.J]'[(Ax + Bu)dr + Cdn_]
u b4 T
2
+ %,‘,I- dr + !]u(w)“U ar + %;t,-dr

+ [vxﬂ'[(Ax + Bu)dr + Cdn.]} (8-3)

Two difficulties are apparent:
1. The presence of dn_ in (8-3) raises the question of what 1is really
meant by the "optimal closed-loop solution,” The meaning must be the
best solution conditioned on x(T) = X, since "dn " camnot be measured.
The question of how to carry out the minimization in (8-3) still remains.
A possibility is to use the best estimate of "dn." vhich is zero, and
proceed from there. Obviously some careful definitions and theoretical
work are required. ‘
2. Supposing that the first difficulty can be surmounted, the minimiza-
tion in (8-3) is far from trivial, The terms Viv and %*F are functionals
on u(t), t€[t,T]. How, then is the minimization to be interpreted? Is
u(T) alone involved, or is u(t), t€[7,T] to be considered?

8.3.4 Performance Index and Constraints

An interssting variation on the problem would be to maximize the
probability term subject to bounded control. A second variety of con-
straint would be bounded state. A third variety would be bounded energy.

A1l present interesting avenues for future investigation.
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APPENDIX A
SOME ESTIMATES USEFUL FOR THE APPROXIMATE

SOLUTION OF THE DIFFUSION EQUATION

The purpose of the appendix is to develop estimates of certain

integrals and of certain solutions to the diffusion equation.
Let

80,551 s ek >0 (a-1)

0,(5,8,7)= fn%ﬂli'é' w 8558

. .
exp {- n§§1:05§ } (A—Q)

vhere g(o,%,T,n) = (2")m/2 [2(1_0)]m]§-

;] (e |
‘;') = . 3 n = . (A'3)
e | ™
Two estimates for
w;(9,8,7) ‘ (a-4)
£€3S
where d S = t;l el = r(g)} (A-5)
will now be developed.
A rotation of coordinates ylelds
(A-6)

Wj(oygly"":gm: T) = wj(cr "EH: 0y==-, O, Q:T)

so that
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Let the second integral of (4A-T) be

/2 z
()% r2(x - NP 1, (A-8)
end 1el
= Ef %, 1= 3,0, & (£-9)
- o= (sl (2-10;
Then
11 = Y‘-(‘-f%v (A-211)
¢! :_: o~
2 .2
where (Xl"]‘) SEREEIL I }
f ay ok {~ TR )
8 e T T TS
e Pix o o (A-12)
Let
2Vt y =g s il ek (£-23)
{nen 1 >
< - TFT Y e
(%) = [ a ay g ST )
V -D = “""“’"_.""""“_ p l y .- i -
(zﬁ)u 1,3»7‘ 1 k HyHJ
Hyliso (£-1%)
Fron (A-12),
1in V{t) = 1 (A-15)
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vnere Kﬂ is any positive constant.
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i even

and (A-35),

T e 1 (A-38)
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M o= k (k-1) K_KC Ay K. (A-101)

Let

expl- 5 Inu(e)®, )
Q (S,o‘) (A-102)

)2 [aet q(s,0)1+2

p(o,%, s,m) =

where u(s) and Q are defined by (A-56a) and (A-52) respectively.

Then from Theorem 2-5,

p(s,E,8,M) = probability density associated with the event x(8) = 7

given that
x(c) = €, where x is the solution of (2-1) (A-103)

Mishchenko [4] shows that
a(c,€,s,M) = Probability density associated with the event

x(s) = n given that x(c) = € and E(t)¢ 3 S for

all t €lo,s], where x is the solution to (2-1).
(A-104)

From (A-103) and (A-104),

p(o,%,8,m) > a(o,8,8M) (A-105)

then from (A-67),
T
v(o,8,7) < y(g) + I ds J‘ dnp(%g,sm)la[?’(n)]
¢ IRl__y = x(@
8

(A-106)

By the law of the mean,
v(o,8,7) < ¥(8) + (0) [ p(0,8,5,m)Lly(n)]
l__, 2 =@
a

for some s € [0, 7] (A-107)
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V(o 7,1) 2 (7)o (0= o) BT AT PN (7.-209)

Phe enbinnte for s ¢(q,7] is cerred out as Tollovs.
Yy the law of the nein,
o5, =2 (5 - o) (5,0 (A-109)

— — -—.-‘-" - o \,-:,_” '
Qij (3,0) = {uxp [A(“’Oij)] rdij] exp T0/(s Cij)jkj
(A-110)

wvhere

(A-222)

and coeh Er". . € Tg,s)
i -

From (n-2h),

.....‘:Q_.".. 1 'i,‘._‘._..__
(A-222)

-l
(s,0) oe

.- . . . =TON
o is the raximum eigenvalue of Q(s, o)

m
and azt (s, o) > [2 ’)\"'SC’ (s - Gﬂ

he: is the minimm eigenvaluc of (s,5). Then from (A-202) end

oiE

p(0,€,5,) £ | 0z, our5SM) (A-220)

Froo (31-—- 2h),

L\'Y(“ﬂ\ < @i P( O')':;E:’ﬁl> Lr‘\/("\)" ‘

‘r d'l-\ }( G r,:‘-) ".-5)

() Wi lehe =(R) (A-115)
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e
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Fros (L-1010), ond (4-215),




141

n

-8G

A- : -
j. an p(0,%,8,7) tL[Y(n)]‘ f_[x%iJ J dn 8(";00,u,x;,°3,ﬂ)|L[Y(ﬂ)]‘

Il __,2r (@) Il > Kgr() (A-116)

The next step is to estimate the various terms of the right hand

side of (A-116) which will result from substitution from (A-9%).

From (A-48),

WA glu(lw) > ll?ﬂl'(l*") for l|nll > JX: r(f) and 0 < v< 1 (A-117)

Then
JY an gﬁ%’i%—_tiﬂs _;£]-(lw) ‘Y an gﬁ%a%%ﬁl
Il > JEgr(®) - I > Egr® (a-118)
Then from (A-22) and (A-1),
WA 5_]'(1”) v
== (a-119)

n -
M- (5 551) TR £ TS

vhere p is defined by (A-5T).

Similarly,
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N -~ ~
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is a k dimensional vector

«

where

y is an m-k dimensional vector

«

= [?}] (A-155)

then u is a solution to (A-40) with

1n 3 (0,8,%) = ¢ () + 25 (el (A-156)

c 27T~ th

u(o,8, ) = 0 (a-157)
EE€ds

From (A-149), (A-156), (A-157), and theorem C-2,

u(o,8, 1) > ﬁl(o,!;,r) (A-158)
Application to (A-154) of the seme reasoning used in arriving at (A-116)
yields

m/2
XB+K
- r,T . _
u(o,8,7) < z;:;—;:: de 8[x6+xt£,1(°+Kt£):u:kc+xt£,rf’y]
v Il > o
. [0} (@) + 03 () I (A-159)

then from (A-28), (A-35), (A-130), and (A-159),

_ +K. r, T
u(o,8,7) < }\_0_’___1'{-_-___]
-o+K r'TJ

{DE(E) + Dg(z)[kp,m‘e xQ(T,o+xt£) * kp,m"““]]
2T

(A-160)
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APPENDIK C

COMPARISON THROREZMS FOR SOLUTICH TO THE DIFFUSION EQUATION

The purpose of this appendix is to develop a theoren similar o

jcdmen T9] the argument follows that of

Friedon.

pefore sterting the theoren souc notobion wust be defincd. et 7
be the m + 1 dimensional dowain (x,t). Let Bt €R be the nyperplane

(x,'c). Let
Gel 1Ry <26} (¢-1)

in Cohapters 3 and h. Let

.
A)
[
3
o
<
ta
)
¢
™
T
[
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ST ERAE] 'q el
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[
b4

]
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e >0en P u>8 rD) (c-5)

& i
e v O ovesyvhone din By
n
Preol Lot o be the set of points ¢ ol 0.7) such that vix,t) >0 cvery-
St 2 3 2 o

wheve in D, - D . Lot be the go 4. b of o Frow: (C-5),
| ¢! ©

to < 7 (c-6)

Supplne to >0 (C-—’()

v >0 in Dy = Do (c-8)

snd v = 0 ai goue (xO) to) € Bio (c-9)
Fron (C-5), and (c-9), (xo,to) ¢ » & Tacn frow (¢c-8) end (C-2),
(x ,% ) i & winivue point for v over By e

3¥,\ - (C-10)

(%)

Since o is ponitive cewidelinite,

>0 (c~11)

P T
259 J
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APPENDIX D
AN EXPRESSION AND A BOUND FOR V To

The purpose of this appendix is to develop an expression and a

bound for Vz ¥ (t.,&,t.), where § is defined by (4-40). The expression
o\’ 2 o

will be developed in two parts, V~ 60 and V2 l’o.
4 g

Working directly from (4-42), (4-43), and (L-LL),

t. >t , i=1,2,...,k (D-1)

The integral in (D-1) will now be put into a more convenient form.

[oa, GO [ Replen)] -
i
Il > o
f ~ h(tl,§ t2m Y r an, ¢ =o(% £ [S%' 5("1’§"‘2"=71)] (p-2)
"It > o0 1

where

:;i is the k-1 dimensional vector, i=l,...,k,

with
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From (4-42) and (D-6), the first term of (D-8) vanishes. Then from (D-1),

(p-2), (D-8), and the differential of (4-42),

i, - -(x-2)r%2(t) [—%— i H%"" ﬁ(tl,!,tam)] (0-9)
>O

Working directly from (4-42), (4-43) and (4-kk),

1
llg)=-2

af
=2 = (k-2)r™ 3(E) {
3,

S e R —
Jn%nd:. o D

’ t Z tl, i=k+1, ees ’m (D-lO)

2

Equations (D-9) and (D-10) will now be used to estimate llv, ‘.o“'
g

Note first that

From (D-9),

Ivg T} < (xe2)e™ 2®) {

oz ﬁ(tlj,tg,?lﬂ
+ | an o
G }

» By > by (p-12)

From (D-12), (A-1), and (A-22),
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ve . (k)

ol

1 -

P (V) = -———-7— e
where p, (v) is the probability density associated with the event £, = v,
g5 i

g, Ll e, 14 (E-5)

(x JJ_ y denotes that x and y are statistically independent of each other.)

Let
MEe(i-1)41
nt=p|: +u (E-6)
S4(1-1)+2
where P= ULy sz vz] (E-7)
ASTIRERY v, are the 1 orthonormal eigenvectors of A, and
kl, cesy kz are the corresponding eigenvalues.
Then
E(n') = u (E-8)
. . £o(1-1)+1
B{(n - w)n- )} = B {1 [84(s-1)422 7 Ea(a-1)eed'®
S4(1-1)+2 (E-9)

From (E-4) and (E-5),
£ (n'- w)(nt- w)'} = PP (E-10)

Reasoning as in (4-49),

E{ (n'- W)= w)'d = A (E-11)
Then ni is a Gaussian random vector with mean u and covariance A. Also,
‘.g(i-l)ul
E{(ni- u)("?a- u)'} = PE { E [g(j-l)!ﬁ'l""’g(_j-l)“l,np'

|5 (1-1)04+4 ]
(E-12)
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TABLE E-1. LISTING OF PROGRAM FOR THE COMPULATION OF .J“ Ah'Diu

DIMENSICH XMU(3,1)yXLA"(:},3)yC(3p'3)9H‘U(3,
1,3),UUW().3),TA&(].3).TES(3.1).TFST(1,?),F

21}, FFMURE3, 1)
CCMMON XXNMU(3)
EXTERNAL FofF
XMULLeL)=T.
xrU(2,11=10.
XMU{3,13=20
DC 1 [=1,3
XXMUCTY=XMULT, 1)
XLAI\‘(lil):Zo
XLAM(1,2)="1.
XLAM(1,3)=0.
XLAN(Z;l,:'lo
XLAM{2,2)=2.
XLAM(2,73)=0.
XLAM(3,1)=C.
XLAM{3,2)=0.
XLAM(3,3)=2.
DG 2 1=1,2
NC2 J=1,3
Qtr,J1=0.
[F(1.EQ.J) QUILd)=1.

2 CCNTINUE

pC 3 1=1UC,10C0,1C0
[7T=1

CALL GAUPEC (XM 3XLAN o Ry F o F

STy FMUD (D L)
CALL GAUPECIXNMUXLA
l’Tf‘ST,FFMUU!CL)

3 WRITE(L,4) [T,FHU,FEMU

4 FOKMAT(//IIXLID.1E2C.8/11X3E2C.8/11X

STGP
END

3)1p(391)1YLAV(3):PlNV(3
MUD (3 93),01(3,1) ,FFMUL(3,

MU,M,N,L.11,P.YLAM.prv,DUM.TAé.tES,TE

N,C,?,FF,FFNU,MM,N,L,IT}P,YLAM,PINV,DUP.TAR,TES

3£2C.8//11x2€2C.8)



12

15

13

TABLE E-1 (Cont'd)

SURRUUTINE CAUPEC(XNU.XLAP,C.R,F.FHUyM.N.L,IT.P}YLAP,PINV.DUN,TAR,

ITES s TESTFMUDNUL)

DIMENSIOCN XMUIN 1)y XLAMIN G N) gQUNGN) ,FMU(L MY PN, NYyYLANMIN) ,PINV(N
1eR)Y 2OUMINeN) » TAR(NSN) TES(N.I).TEST(l,h)yXMAG(lpl)'Dl(Npl)vFNUD(Ly

2M) ¢y X{20420),Y(20Q)
EXTERNAL F

pelL [=1,L

DC 1 J=1,M
FMUtl,J)=0C.

DG 2 I=1,N

DG 2 J=1,M

X (1ydv=XLANM(L,Jd)
MX=1

CALL EICGEN(X,Y, h,NX)
DG 12 I=1,N
YLaM{T)=Y({I])

DC 12 J=1,N
PLIJ)=X{1,J)

DL 31=1,N

DC 3 J=1,N

I11=1

JdJd=J
DuM(Il,JdJ)=C.

IF(IT.ECLIdY CUMITEJJ)=1a/YLAMITT) #%.5

CONTINUE

CALL MATPLY{P,UUMPINV Ny N,N)
I=1

D0 4 J=14N
TES(Jy 1 )=GAURNIZ)
NN=1

CALL PATPLY(PINV.TES.CI'N,N,Nh)

DO 15 J=1,N ’
TES(I,1)=CLlEd, 10+ XML(d,1)

CALL ?‘QRM(C,IFS,TES‘)XMAG:D];N;NN)
IF(XMAG(1,1).LE.R) CO TC 5 '
DC13 J=14N

YLAMI Y =TES (I, 1)

CALL FIYLAMJN,FNUD,L M)

DC 6 J=1,L

DC 6 K=1,M

FMULD oK) =FMULJI K EFMUG(IJ oK)

[=1+1

IFCL.LELITY G TO T

DC 8 J=1,L

0[ 8 l‘.=1,~

FMUGS bR )=bMUI,KYI/ZFLOAT(LT)

RETURN

END

’

170



171

LLVKRSCBI

%

TIFNE B2,

N\
| N
[0 NN Y R SR SN R SR AU SRR VOO WO 3.
Ll [+) N n [ad
3 1 =~ & ES

YRS #

-~

YIKRE T-3.



172

plelen]

A

l3‘1?.'.'-(.‘31}:‘15

-~
J

FIGURE E-b.

Al
. A

_—

o2} «w 1344 o
. -

o S o 3

(g

(SN NSO U FORUNNN TN AR U W N S

—

J;

1

1

1\';‘ VZR3US N

GURSE E-3.

e



1:2

173

PIGURE E-T. 7%33 VERSUS R




1600

e
p _\
0.5 _\
o'i‘-
0.4 -
L\ z&ﬂfw
/
0.3 \/
| L i 1 L Lt
10 100
¥
yIcuRe £-8. .’ VERSUS X
o1 b
F‘ir‘ 0.10 -
— \ A
o | T _Xv_. W Vae
—/ K31 :
L N A | L | [
10 100
x
PIGURE E-9. 7{21 VERSUS M

1Th



| I NS R B g

SN IO I

2’0 - -

1°0 -

4

0°0

1°0




176

volld

P
(PP

1

he

QL.

noLasrati

o

t
tate

L

N
-

~v
R

Co

41

Wil Craitl

sepple paroula

UL OAL

The TGl

Y

¢
.

5 0

e
~

Lour

o
e

-
e

ni

rontunl

o

~2

[
>

FR P

(VG BB VRRAVE

EAPI N e
SN CI TR APORN

Y
f3

!

S+
=
(v}

o]

daNe

~ Oy
RS
s

LA

i

V“.,\“

[a )
el

MEURPRATIN

[Beis

RS

~

33701 fek

.
]

wda
PEVEVRN

£
¢

<
e

ol
W

SOw

T A

el

St

N

b
)
D
1

o NS

I

. -~
prine

Lee)
PASY

it

r

Iae
-
o
et
Q

i
i
(9]
v

£ T
-

o

-~

L

4

SV Y
CNLoY

sl

19

e v
102 LiDve

-

he pu

[

Touw

Ly

i

e

10 genc

e
PR vael

cos

.

-
i

LEBT

1s in

-
i

e
Ll

Yooy

" L.
\1.\,‘ Lo “v_g_““‘

CTa

nwhes

e le AN o
CLAOTTlYy Qo
N

LA

et

con

ive




. - P L. D, oy e e s - - 7 A o A
GeoYing.  The wwiowicol volucso (v cuotions (0-2() pUE (b«EY;) Tor the
. [P S B e e w e Tl N PR P04 - B - ; Ay el
eonor TR EL Bl conabontt were conon with the idsz of provicing us
rrch Cibibesing es poosible withouh irgoning teo suvere ¢ pincliy on

5

we

iiste Je

locus of the

o
e
Figare

P

jrposcd by the prine nover.

syotuin procteled go Pollovs.  Tae roov

gures (6-2) end (6-3)) is chovn in

ansrer Tunctlon of the inser locp will

Lave oo ihor threo peal polas or ovz reel pole wund a couplesx poir, dc-
vending on the loop goin.  An exomple of coch of the two typ=s was cch-
gicered.  Figure F-2 shous the cubttor loop root locus for en irny loop
frovoter Tunction with three roe)d poic', snacificslly

¥ X

»-fjim‘? - 0.6 (1)

T

Ficaws ¥-3 shovs the oubter locp root locus for o inuer loop traonuier
function vith one rog) pole end & complex polr, speclilcally,

Tone owly cullitetvive diffevonce en the locd in Pigurcs P-2 ond
-3 ic thet the locus of Figuro -2 hes & wence of geins for wirlch ¢l
clostd 1oop pol eve weel, wherscs the locas of Tigurs Pe3 clvays e
hitits o ieost one coaplex pziv. Since tho coparison of difiermt
Lyroin of ystons is s possible subjoet Tor {foture research, the locvs
of Yizore 1-2 was solesind as profexable to thot of I~3. On thic basis

.
ayi. oo

e only sy

e

oy Y N Yy~
rede en the

its el

I . P
loop wole

mones o5 ju

1wsed by

we rfor



$0907 1008 00T YA ‘T-d IAOIL

178

davd Tvad
0 1- 'z - ‘'t - K- S - 9

. n R _ - a /\ N e S &
0 0o ¢ *— —— R 1 - ¢+

o @ o o e o ~ 5

° 9 o Y - o~ o o

80
1 —
o1

JHVd RIVNIDVAL

$T10d dOU1 GSB0ID = @

sTI0d d00r1 wado = X




179

- 3.
X = OP¥H LOGP POLES
C = OPEN LOOP ZFROES
» = CLOSED L00P POLES

-l 2.

INAGINAKRY PART

1\1. 1

N,
~ - ~1038
3 ‘ Sy &
~ ke L b %o o ——%
- 6. - % -k, -3 -2
REAL PAR?
Xs

FICURE P-2. OQUTTER LOOP RCOT LOCUS FOR IL = 0.6

- 3.
X = OPZX LOOP POLE3
© » OPEN LOOF ZFROZS
# » CLOSED LOOP? POLES
, e
&
Yo 1.8 g
5 1
&
0.6 -1 1.
0.3
La}
K . 3
SO — & ; TS 94
- & - 3. - M -3 - 1. o.

REAYL PA{T

KX,
PIGUKE P-3  CULTAR LOOT ROCY LOWLT FOH -‘I‘»J"- - 1.C
L



Lo roy bLe scen fron Yigure P-4, tnls pzans that the systoa trounsicent

rooponso vwill e deternilned principzlly Ly the complex pelr near the

a

origin, wnd thot thizc polr is lishtly demped. Tals is satlsfactory for

4]
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thic condition holds.
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TABIE G-1. SCALl LISTING

$IBFTC SCALL
DIMENSION A(S.S).B(S.l)1PHI(5).XBAQ(5)'EU(10)yEL(lO),TEM(BS!
1o XT{5)PHITLS)
COMMON /BSCL/VI(11),0V{11),AD(5,5),BD{(5,1),U
EXTERNAL RITES, DSCAL
NR=100
00 1 [=1,5
DO 1 J=1,5
1 All,4)=0.
A(3,1)=1.
Af{4,1)1=4.8
Al2,21=-5.
Al3,2)=-.2
A(4'2,=’-96
Al5,3)=3.
All,4)=-.5
A{2s4)=-2.5
A("pl’)=-4o
A(l’5)=—o5
A(2,51=-2.5
Al5,5)1=-3.
D0 2 I=1,5
2 B({Is13=0.
B(l,1}=.5
B(2,1)=2.5
TF=4.
DO 3 I=1,5
XT(1}¥=0.
PHIT{E)=0.
3 XeArR(11=0.
XB8AR(3)=1.
XBAR(5)=1.
0T=,001
CALL PHIU(A.B,TF.XBAR.Sgl.10,DT.RITE5.PHX.1,3)
D0 &4 I=1,5
II=1
I1=11+1
T6=11+6
VIILY=XBAR(IT}
4 VII6)=PHI(LI)
DO 5 I=1,5
BD(‘.l)’B![: 1)
D3 5 J=1,5
S AD([,J’zA(['J)
vViil}=0.
CALL DSCAL
Dvi1)=DT
CALL AMRKS(V4DV,DSCALs10,1,EUsELyHeHsTEM,0)
N=IFIX {T/DT)+5
WRITEL6,46) T
6 FORMAT{IHL/1X2HT=,E20.8)
DO 7 [=1sN
IF{NR.EQ.10D)

182



TABLE G-1 (Cont'd)

1WRITEL 6,8} {V(L1,L=1,6)
IFINR.EQ.100)

IWRITEL6,101U(VIL),L=7,11)
8 FCRMAT{1XE19.8,5E20.8)
10 FORMAT(1XE16.8,5E20.8)
KNR=NR+1
T CALL AMRK
STCP
END

$IBFTC DSCALN

SUBROUTINE DSCAL
COMMON /BSC1/ VIL11),DV{11),AD(5,5),80(5,1),U
U=0.
DO 1 1=1,5
1l=1
[{=11+6

1 U=U+BDlILs1)ev(Ii)e.5
DO 2 I=1,5
[i=1
1I=11+1
DVIIL)=B0(1,1)eu
DC 2 J3=1,5
JJd=J
Jd=JJdel

2 OVIILY=DVIIL)+ADUI,J)evidO}
pe 3 1=1,5
11=1
[I=11+6
DV(II)=0.
o0 3 J4=1,5
Ji=J
JI=JJ+b

3 OVII[)=DV(II)-AD(Js1)eV(JI)
RETURN
END

T SIBFTC PHION

SUBROUTINE PHIO{A(B,TF,XBAR, NS, NUJNRITEZDTyRITESPHI
COMMON /BDPH/PHID{20,20),PHIC(20,2M),V{401),0V(401)
DIMENSTION AINS,NS)eB(NS,NUY,
1), TEM(1205), XSAR(NS),PHI(NS)

EXTERNAL DPHIC,RITE

D0 8 I=1,1205

8 TEM(I)=0.

Nl=1

00 1 I=1,NS

Ii=1

INS=LI4+NS

00 1 J4=1,NS

JJ=J

JINS=JJ#NS

PHID{I1,03)=A011,3J}

183

+ToNO)
 NS2 ,
. EUL400) ,EL (400



100

$IBFY
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TABIE G-1 (Cont'd)

PHIDIINS,JJ)=0.

PHIDCINS yJHS)==AlJJe L)
PHIC(I,JJ)=0.

1F(I1.EQ.JJ)Y PHIC(II,44)=1.
PHICLINS,3J)=0.

PHICCIT,,JINS)=0.

PHIC(INS,JNS}=0.

IFLINS.EQ.JNS) PHICUINS,INS)I=1.
PHID(LE,INSY =0,

DO 1 K=1,NU
PHID(I[.JNS)=PH[D(l!pJNS)*.5’B(1ipK,‘B‘JJ'K)
K=1

NS2=2eNS

D0 2 I=1,NS2

DO 2 J=1,NS52

K=K+l :

VIK)=PHICiT+J)

vil)=0.

READ({9,45) IR

FORMAT(IL0)
FORMAT(L14.8/19(5E14.8/),5E14.8)
IFLIR.EQ.Y)Y WRITE(6,100) {(V(1),1=1,101)
CALL CPHIC

Dvily=07 .
CALL AMRKS{V,DV,DPHIC,400,1,EUyELtMsHy TEM,0)
NR=0

NCAL= IFIX{TF/DT)+1

IF{IR.EQ.1) READ(5,7) (VII),1=14101) o (DVEIY,I=1,100 )0, {TEMITD,I=1,3"
1051}

DG 3 I=1.NCAL
CALL AMRK

K=1

DO & J=1,N52
DG4 L=1,NS2
K=K+l
PHIC (I, L)=VIK)
T=vil)

NR=NR+1
IE{NR.EQ.NRITE) CALL PHSUB(PHI,NS,¥BAR,NO)
IF{NRLEQ.NRETE) CALL RITE(PHI,T NSHNL)

[FINRLEQ.NRITEY NR=0

WRITEL6+100) (VIE),1=1,101)

PUNCH 7, (V(l).[=1.101).(DV(I).!=‘.101)v(TEM(I).l=1y305)
FUR%AT(EI?.H/ZQ(AEl?.S/).4E17.8/101(4817.8/).2517.8!
FORMAT(///1XP19.8/20(1XE19.844E20.7/))

REYURN

ENC

C OPHICN
SUBROUTINE DPHIC
CCMMONZRBDPH/ PHIDI20,20),PHIC{20,20),V(401),DV(40L),NS2

3
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TABLE G-1 {Cont'd)

K=K+ 1
OVIK)=0.
DO 1 L=1,NS2
1 DOV(K)I=DV(K)+PHID{I,L}*PHIC(L,J)
RETURN
) END

$I1BFYC PHSUBN
SUBROUTINE PHSUB(PHI NS+ XBAR,NO)
DIMENSION R{20,20)XBARINSY, PHI (NSY
COMMON /BOPH/PHID(20,20)PHIC(20,2M),V(401),DV{401),NS2
NNS=NS+1
NE=NO-1
DO 1 I=1,NS
R{I,NNS)=0.
NE=NE+1
DO 1 J=1,4NS
Ji=J
JJI=JI+NS
R{IsNNSI=R{T NNSI-PHIC{NE,J)#XBAR{)
1 RUIsJI)=PHIC{NE, JJ)

CALL RLMTX{RsNSs14M,D,-11}
D0 2 I=1,NS

2 PHICII=R{I,NNS}
RETURN
END

$1BFTC RITEN

SUBROUTINERITES(PHITyNS,N1)
DIMENSION PHI{NS)
IFIN1.EWQ.1) HWRITE(O,1)

1 FORMAT(LIHL/16X4HTIMEy 15XS5HPHT 1, 15X5HPHI 2.15X5HPHI 3,15 X5HPHI 4,1
1 SXS5HPHLT S)
N1=0
WRITEL6,2)T, {PHI{IY,I=1,5)

2 FORMAT(1XE19.8,5E20.8)
REFURN
END
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PHID = M, where
M iz defined by (6-16)

FHiC = Jdentity
Matrix
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by epplying ihe Runge-
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%‘g PHIC = (PHiD)(PHiC)

Y
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4

Write out t, 8(0)
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TABLE G-3.

5IBFTC pRog

DIMENSION E1(11)+E2(11)+TE(38) «XNORA(S0042)

PROB LISTING FOR Pl

190

COMMON /BL/B(SJOC(503)0A(5|5)0V(l£’oﬁN(3)iCCPIN¥i5'5)ODV(XZ)QKN

EXTERMAL ONOLS
KM=l

NCM%37

NCONs] 000

DO 1 I=14¢8 T
Bt1)=0gs

Cilel)=00
Ctle2)n0, : Ce
C(143)=x0,

DO 1 J=m1sS
A{TeJ)=0,
A{3el)=1,
At4ae1)=4,48
h{242)==S. -
A(3e2)u—-y2
A(%42)r~496
ALSe3)=3,
Alled)=z=4¢S
Al2¢8)m=2,5

TA(SeS)==3e

Alle5)==3S

- Al4ed ) x=4¢

15

AL2s5)m~245 R
B(l)=e4S

BlZ)I=2e8

C(2e3)=igy e T
Ctasl)ma,
C(433)=a.8
C(S42)m3,

NC=1

DO 2 1=1ele

V(1)=0o

00 15 =138
TEC(1)=0,

V{si=l.

Vi{Eixle

TFale

NT=10CO
DV(1)y=TF/FLOATINT}
XNF=DV (1) E%e5

DO 3 I=143
XN(1)sCAURNLZ I /XNF
V{7)=e¢13675197
V{B)x=e1S590134E~01
V{9)=4809927064E00
V(10)=~q14223326E00
V(11})==-417724476E00
CALL DNOIS

OO 4 Im=1+¢5

D0 & V=145
CCPINVITaJ)I=Cy
CCPINY(Z cJ)=10¢04/16

er!mllQ Adae a2
<

CCPINV(443)5=~43
CCPINV(44.4)=,0625
CCPRINV(S4S5)al e/

€01
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13

101

TABLE G-3 (Cont'd)

XNOR=0Qe¢ " 7 T Sy mmmomsems e mmem e 2T : - s s e

DO 5 1=145 ’

11=1

I1=11+1 e S ———

DO 5 J=ieB

JI=nd

NNLINL S} I e e et e et e

XNOR»XNOQ+V(xl)*CCP!NV(loJ)iV(JJ’

XNORL = XNOR

calL AMQKS(V,DV.DNO!S‘llcloEliEEOHoHoTEoﬂi e e e e

NRIT=300 ’ ’

DO 6 I=141000

IF(NRITEQs100) WRITE(&¢100) EVIK) eXK=1 011 ) eXNORsVEE2)Y - — .
IFINRITSEQs100) NRIT=0

NRITaNRIT+1

FORMAT(lXE19.8v5E20.8/lXE!80805E20.8/1X51908) S e s e e e
IF(JsLESNCON) GO TO 13

00 14 1CO=7s11

v‘ XCO) 30. PP e e e e = ———————— s
CALL AMRK

KNOR=0 o .

DO 7 JmieS - e e e i
JJ=J

SIS+

DO 7 K=145 e e e e

KK uXK

KK aKK+ 1

XNOR-XNOR+V(JJ)*CCPINV(J.K)!‘V(KK) R —
FFAXNOR LT« XNORL I TL=V(])

1F (XNOR oL T ¢ XNORL } XNORL 2 XNOR

00 6 J=143 e e e e
AN (I s GAURNCZ )/ XNF -
WRITE(64100) (VIK)eK=1411) 4XNOR,VI12) .
XNORALNCe2)=TL LA v e e s
XNORACNC e 1) =XNORL

Kh=2

IFINCeLTeNCM) GO TO 8 C e e e e s
DO 12 Ix=1e¢NCM

WRITE(6410) (XNORA(T LY aJ=10s 2)

CALL SCRT{(XNORANCM) ’ . aer . e v m—
DO 9 I=]¢NCM .
WRITE(G6:10) (XNORA(1+J)eI=1+2)

FORMAT (1X2E20+8) e e e a—n
CALL GETNM(NMBI

WRITE(64101) NMB

PORMAT( I XAHNMB=R4113) - [ —
sSTOP

NCaNC+1

GO TO 1t . e ey e e
END :

slﬂ#\C DNOISN

SUBROUTINE DNOLIS Ce e e
COMMON /BL/B(S)OC(503)yA(Job)oV(la)OXN(3)1CCPINV(505)CDV‘IZ) s KN
DO 1 Ixn1es

11=1]

It=lli+}

16=11+8

DVLEIl1)a0,

Y158y =0,

DO 1 U=l 45

JJ=J
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TABLE G-3 (Cont'd)

..-_J‘-JJ+‘ et e = - o eea - - e m——— s =
JExII+E
DV(II)-DV(ll)#A(IloJJ)lV(JX)i.S’B(!])iB(JJ)*V(Jé]

-4 DVII6) m=A(JIs 113V (I6)I+DVLI 16D

IF(KN.EGal) GO TO 3
DO 2 I=145
Btk
1y=1k+1
DO 2 J=143
2 DV(IX)-DV(ll)+ctltoJ)IXN(J)
UxOse
DO &4 I=1.45
R BE 3
§i=ll+6
4 UgU+.SxB{II¥VIIL)
: o DVlI2) =Urn2
3 RETURN
END
s 1BFTC SORTN
SUSROUTINE SORT(AN)
DIMENSION A(50042)
DO 1 I=leN
X=0e
1i=i
DO 2 J=mlleN
IFLACI 1) eGCT X)) Y=A{Je2)
IF(ACJeL)eGT X)) K=J
2 lF(A(JclleGT.X) XzAlJel)
A(Ke1)=ALLIL0])
A(Ks2)=A111+2)
AtIleddxX
1 A(lle2)nY
RETURN
END
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TABLE G-I, PLOPRO LISTING

‘lBFTC PL.OPRO
DIMENSION X(36)PROB(S0042)4NO(6)
DO 1 I=1436
ti=l
1 X{1)=C(37e~FLOAT (1133 /36
READ(S e2)ISETS«INO(1)sI=106)
2 FORMAT(7110)
- DO 3 I=141SETS
READ(S¢4) (PROBE(Js1)oJ=1436)
8 FORMNATI(BS8(AE15¢8/7)1¢4515,48)
B CALL SORF(FP08¢36)
WRITE(ES) (PROB(Jtl)OX(J)OJ'!036)
DO 7 J=1436
7 PROBIJ1I=PROBIVe1 ) R, 5
KuNO(E3+1
WRITEC(3)Y(PROB(J, l)-X(J)0J=K036’
ENDFILE 3 :
WRITE(645) (PROBE(JIs1) e X J) e JxKe30)
S5 FORMAT(IHIZ//36(1IXE19.B4E2048/) )
3 CONTINUE
WRITE(3}{PROB{Je1)eXIJ)sI=Ke3E)
ENDFILE 3
WRITEC(D) (PROB(Js1) aX(J)eI=xKe36)
ENDFILE 3
STOP
- END
SlBrTC SO0RTN
SUBROUTINE SORT(AN)
DIMENSION A(S00.2)
PO 1 i=1eN
X0
i1
DO 2 J=IIN
IF(ALJe3YoGT XY YA(Je2)
IFLALI113e6T XY Kud
2 IFLACJe1)eGT X)) XuAlJel)
AlKesl12mA(ITe})
AtKe2)sALl1Te2)
Al1lel)=X
1 A(lle2)xY
RETURN
END



,TAHLE G-3.

SIBFTC pET2

- 1000

[A)

195

DET2 LISCING

- DIMENSION E1(L00}+E2(100)+TEM(3031+RE20420)4E3(13)+EQC13)sTEZL44) - —

COMMOMN /SYS/E(S5) 1A(S+5) s CCPINVIBeS5) o XOBARIS)SUK  ZAMI/PHIC(10410) P

THID(30030)eVP(101)eDLVP(101)
EXTERMAL DPH]DA2
UKeD 4E=Qs
KUnj
00 1 letsS
XBARCE)=Oo
Bi{i1=0y
- D0 1 Jele5S
Alled)nO,
CCPINVIYI4J)=0
- CCPINYI313)=39,04/16
CCOINVIB14) x4l
CCPINVIA¢3)=~e3
CCPRINV(Ae4)=,0525
CCPINYIB1S)I=147/90
A{3stiumlo
AlNeijmd,B
At2¢ZYIm=5,
A(322Ys~=32
Al&e2)e=e 906
AlS4eIInTe
Allss)xa=5
CAl204 ) m=2e5
AlReA ) =4,
Ai103)x~3S
AlZ24S)u~245 e
A(Be8)=~3e
Bli)weD
B(2)une5 R e
XBARE3) =1
XOAR(S )=l
OT»e00} : e
TFale
NCALRIFIX(TF/DTY+}
DC 2 =145 e
1i=1
15 =1i+5
D0 2 JUmnle5
SJnJ
JOaJdJ+5
FHIC(la4J)20. AR
PHICIIS0)=0,
PHIC(I18¢J5)=200
PHIC(14J3)20,
IFC(14EQed) FPHIC(TIsU)=],
IFCISeE0eu8) PHIC(ISIUS)IE]L S
PHID(3ad)2A (10 J)
PHID(I +J% )83 BI1)#3(J)ruL
PHIDUISeI 12 42 2CPINVI] eJ)
PRID(ISUS ) =mA(Je])
VR{13=0,
Kmi
O 3 1wislO o -
DO 3 Uxis10
KuK41
VEIKY=PAICEE o .0)

ZAM2/VI14)¢DV(14)

Cm e M e Tt £ P S S S v St

D e L

L e e A oo o b e =

L

e e A s

a L e e e e



TABLE G-5 (Cont'd)

. e .CALL DPHI - - - G

DVP(1)}=DT
CALL AMRKSIYPIDVP ¢DPH1 110011 0E1+E2eHeHsTEHG D)

--- DO & 1=14305

4 TEM(E)=Os

DO S 1=3eNCAL
CALL AMRK
Kel
DO 5 JoulslO

- DO 5 LwielO : . . ) A

KaK+l
8 PHICEJI L) =VPIK])
- DO 6 1=m145

Tisl

15=11+5

R(I46) =0

DO 6 J=m}1e5S

JInd

NLTRNTY. : S e

R{1eJ)I=PHIC(IS+J5)
[ RUI16Y=2R(1¢6)-PHIC(ISeJ) ¥XBAR( D)

CALL RLMTX(F45el1eMeDo~1) R

WRITE(Ge7Y UKi(R(1¢6)s12145)
7 FORMAT(IH1//1XE19.845E2048)

Vti)=0e ‘ . .

DO 8 I=14¢5

11=!

Fisii+] ) : .
[6x11+6

Y31 =XBARC( L)Y

-8 VII6)=R(Is6} C .- B

V(12)=0,
V(13)=0,
V(14)=0,
DV y=DT
CALL DAZ
CALL AMRKS(V4DVeDA2as13¢1+EIEAIHIHITEZ40)
NR=100
NNsNCAL+1
DO 9 1=1.NN
IF(NREQe 100)IWRITE(E6410Q) (V(J)esJ=1e14)
10 FORMAT(IXE1G,Be¢5E20,8/20X5E2048/20X3E2048)
’ IF (NReEQs 100 )INR=0
CALL AMRK
L) NR=NR+ 1
KUsKU+
IF(KULEG2) UK=25.E-02
IF(KUSEQe3) UK=1eE~02
IF (KUJLTe4) GO TC 1000
s7OP
END
S 1BFTC Di*HIN
SUBROUT INE DPHI
COMHCN/AMI/PHIC(IOvlo)0PH!D(10.10)0VP(101)ODVP(101)
Kal
DO 1 1x1410
Do 1 J=i+10
KrK=1
DVP (K30,
DO 1 Lwi4t0
© 1 DVP(K)I=DVPIK}4PRIDIIL)I*PHICIL..J)

196
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TABLE G-5 (Cont'd)

e RETURN e e = e e e o= = A P S

EnO
L 1BFTC DAZN
SUBRQUT IKE DAR ST T
ColNON/SYS/B(E)oA(S-aluCCPlNV(s.S).XBAR(SloUKIANzIV11Q)oDV(14)
100 FORMAT (50XE2008)
L. Uale . . . . R A m e
OO0 1 1I=1e8
1isl :
- 18 alf+6 - - . [N e e .. e e e e m e [P PP -—
1 UzU+ 5% BCIIRVILIE) /UK

103

DO 2 I=1¢5

".‘ - - e e emmaee s e e . e - . . C e e .- i aes e e mimt s o S a—
ISERRL D]

oVillI=sBil) Yy .

DO 2 JeutaS - - e - e e e e e e e ———m e e e
JJI=uJ

JiaJdJ+i

DV(I19aDV(11)+ALTeJIRV(JL) C e U PR SO SG S
FCAMATL{Z20X3E20 481}

0O 3 I=195

1in1 RPNV SRR A
ST PR L

16=1146

DVY(163 =0, C e e e e e s
DO 3 JUwleS

JI=J

JinJdurl .- e e e e e e s e e e e
JERJII+6

DV(l6)tDV(16)+2.*LCPIMV(1oJ)iV(J1) A(Jo];*V(Jé)

DV(1Z2) =0, e e =
D0 4 [w145

11=}

ISEER T

DO 4 Jm)eS

NELN

JiadJI+1 I e e e e -
DV(l()nDV(12)+V(Il)*CCP!NV(I.J){V(Jlb

DVII3):UKEURR2

PV(14)y=DV(1294+DV(13} . . R e am e
RETURM

END
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TABLE G-T. PROB LISTING FOR P2

$IBFTC PROB - e
DIMENSION E1(16)4E2116)¢TE(S3) ¢ XHORA(SO042) s TLANISI0e2)
COMMON /BL/B(5)sC(5¢3) sA(SeSaVILIT)+XN(3)eCCPINVIS#S)eDVILT) KN
| K1V 4 . [
EXTERNAL DNOIS
KN=§

NCH=§9
NCON=1000
DO 1 I=1+5

--o- - Btl)=0e s

Clls1)=0,
Cele23=0,
Ctled)ul,

DO 1 Jw14S

)} ACleJ3 =0,

e - AgJel)d=14
Al{Qel)=4,8
At2a2)=~5.

~ s AEIe2)m=y 2 e
Al{&e2)n~,96
AlSel)a3,

AllsA)m=y5
AlZ2ed)u=2,5
AlSeB)=~3,
AtleS)n~y5 s
A(Gsd}u—ay

Al2e8) k=265

Btiine e
B(2iuL.3

CLtI3e3)uy,

e Cllel A, -
ClReI )0
C(S5¢2)83¢

PO NC=1 .

it 0o 2 Ista17

2 \' TSR E 1T

s DO 13 [x}e53

1S5 TE(13sCy
ViAa)sle
V(6)e=1y
TFule
NT=1000
DV(13)=2,001
XNFsDV1)#Re5
00 3 Is}e¢3

3 XNED Y mGAURNLEZ Y /7 UNF
UKnG,E~02
V(T In=gl4655593£01
ViBIn 410329224E00
VIiD)z=~443569614E01
Y{1C$ne20932039E00
Villym 5EL94593E-02
DO 17 1I=m2;68
1=l
11=11+11

37 VIL1)=VL(])
DO 4 I=145
DO & U=x145
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100

14

- 13

10

200

TABLE G-T (Cont'q)

CCPINVET eI m04 © 7 "7 7 =7 T oo en o s e

CCPINVY(343)n39404/160

CCPINV(348)2=y3

CCPINVIAII)n=~y3 EERT e e e e e et e eee e c———
CCPINVIA&)B 0820

CCPINVI®eS)n] ¢/9s )
XNCR=0 ¢ .o S T, e e ———————

00 5 leied

11=}

it=} §s82 i em e iemem et mia e e e mitas e masw i ias e s el e b ameme = mweieen o mm e whe © Aeeens o — e ————————
DO 5 Jnie8

JInd

SNRREIS ¥ : - e e ex n =1 o e ae o sobmre e e et i 3 A

XNORHXNQR+V(]|’*CCPINV(X.J)*V(JJ)

XNORL s XNDOR

CALL ONO!S e e Per e e e e e . e e imer et dee e f mn me 4 e e A ———— A ——— it g s S
CALL AMARKSIVDVIDNOIS 11001 +E1¢E2sHeHsTELWOD)

Nr1T=100

DO 6 I=1¢1000 o - L m - s bt aiann et
IF{MREIT4EQelOM) WRlTE(GOAOO)V(I)O‘V(K)0K313017)0(V(K)OK-?Ox"OXNOR
1evVii 2}

IF(NRITCEG2100) NALT S e e e
NRIT=NATI T+

FORMAT (L X EIQQBOSEZOQB/IXE18.805L20.8/1X&l905)

IF (I (LEGJNCON) GO TO 13 < o o e
00 14 ICOnTatt

V¢{31CO) =0,

CALL AMRK e e ey e e e e e e A ettt o i s
XNOR=0e

DO T Jx145

C Sad T TR G e e e L e e e s e ke e e —————— b e v

12

16

101

JI=JIe 2

DO 7 Kei4S

K=K . e e s L. PRV G e

KCaKK+ 312

XNOR-}NOR+V(JJ)*CCPINV(J.K)*V(KK’ .

,F ‘x}‘on.t_T. XNOQL’TL,\I‘ x , . - e aewn - T S e L Y

IELANOR QL T ¢ XNORL } XNORL = XNOK

DO & J=143

XNCJIRGAURN(Z) / XNF C e s e e
URITE(GclOO)V(l)o(V(K) K=t3ll7$o(V(<)0K-791130XN0R

lavelzy

XNORAICe2)=TL
XNORAINT a1 5 =XNORL
TLARINC ¢ )=TL
TLARCNC 25 = XNORL,

KN=2 ”
IFINCeLTNCMY) GO TO 8

DO 12 Ix}sNCM

HRITE(S410) (XMNORA(LsJ)ed=10e 2)
CALL SORT(XNORAIZNCM)

CALL SORT(TLARINCM)

DO 9 I=)sNCM

WRITECEII1C)Y (XNCRA(1 V) oJ2142)
DO 16 In}l'NCM

WRITE(G6610) (TLAR(I«JS)eJd=142)
FORMAT (1X2E2048)

CALL GETNM(NME}

WRITE(G64101) NMB
FORMAT ( 1 X4HNMB=4113)

syoe
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TABLE G-7 (Cont'd)

8 - - NCaNC+}
GO TO 11
END .
SIBFTC DA2NOI R i e — e
SUBROQUTINE DNOIS
COMMON /8L/B(5)0C(563)oA(boS)oV(17)oXN(3)OCCPXNV(505)ODV(X7)OKN
1eUK e e
UxO,
DO 1 1=1e8
1=} . . . . . re e e e s e
16 =114+
1 UaUs,5» Bl1)#Vv(I8I/UK
DD 2 1lwl1eS . R JRP .
1i=1
1i1=lle}
OVEIL)=Bll )Y - . : : ERRR
DO 2 Jmiss
JJInJ
. JiudJ+]
2 DV(II}-DV(Il)+A(l'J)*V¢Jl)
DO 3 I=1.:5
Iiml
11=11+41
16=11+6
112=a1i+412
OV (163=0¢
oOvVi112)=DVI(11)
- DO 3 J=1¢S
JJI=J
JixJdJI+}
JE=JII+ 6 - :
3 DV(16)IDV(16)+2.*CCPXNV(XvJ)&V(.Il)'AiJlX)*V(Jé)
IF(KNGEQel) GO TO 4
00 S =145
Itnul
1i=11+41
I2nll+g2
DO 5 U=l
8 DV(KE)-DV(11)+C(IIOJ)*XN(J)
DVv(12) =it
4 RETURN
END
SEIBFTC SORTN :
SUBRDUTINE SORT(A«N)
DIMENSION A(S00,42)
DO 1 IslaN
XuOe
| SRR
DD 2 JulleN
IF(ALJe1)aGT¢X) YsA{(Je2)
IF(ACJ01)eGT X)) KaJ
2 IFLAGJe13eGT XD XaeA(Je})
A{Kel)=mA(l1e])
A(Ks2)=A(TIT42)
Al{TIls1)=X
1 AtlITe2)aY
RETURN
END
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time constants, the statistics of x(t) conditioned on x(0) become almost
stationary. Suppose that for large t, x(t) becomes ergodic as well as

stationary, then

R(t,7) ~ R(7) ~ R(7) (6-5)
h
where ) . (‘Tg
R(7) = 1im T atx(t)x'(t+7)] (G-6)
T "2 1T

The next section will show the procedure and results of the computa-

tion of R(7) from (G-3) and (G-4), the procedure and results of the computa-
tion of R(1) from (6-21), and how the results compare.

G.4.3 Numericel Results

The computation of R(T) was carried out in two steps:

(1) Equation (2-14) was used to compute Q(t,0) versus t. The FORTRAN
listing of the program used for this is shown in Table G-8. The
result of this computation is that the asymptotic value of Q(t,0) is.

T 2.1420426  .40025407  -.91239833  1.6087804  -1.608780K]
40025407  2.0012703 2.0619918  -1.9235772  -2.0789%634
Q(t,0)=| -.91239833 -2.0619918 3.4232723 1.0983740 3.0256096
1.608780k  -1.9235772 1.0983740  7.2721950  -. 34731703

| -1.608780k  -2.078963%  3.0256096  -.34731703 h.5%56o?5_
G-7

]
(2) Using the values given by (G-7), and computing QA(T,t) by using

(2-5), R(t) was computed according to (G-3) and (G-4). A
FORTRAN listing of the program used for this computation is

shown in Table G-9. The results of this computation were used



CTABLE G-8. LISTING CF PRCGPAM FOR THE CCMPUTATION OF Q

2o
|

$1BFTC THI
| - SUBROUT INE INPUT
DIMENSION DUM(20420) ¢+ VDUMI20)
i ’ COMMOM/ INPMU/ZO(5) » INDPsXC(1145)
[ COMMON/SYSPAR/A(S+5) ¢B{5) e CWC(5,5) +CWCINV(S5) oL TCI001)1+5(1001) 066
111 UKeR
| COMMON/RANB/PA(3403) eP{S545) s XMU(S5) ¢ J0GeY(5) sRI4TIRY(S) sRU(S) sUR
LOGICAL AOG
UKsl oE~04
Rasl
| OO0 1 Iwised
; 20¢11=04
Bt1)=0,
DO §t Jn)e8
A(leJd)n0o
CWClleJd)=0g
1 CWCINV=0,
A(3sl)=),
Alasl ) n4,8 )
Al242)>=5, -
Atde2)m-a2
! AtGe2)x=690
AlSe3)=,
Alled)n=3s5
Al2e¢R3=~245
AlSeS)==3y
Alle5)u=gS
A(Aed)m~4,
Al(245)82¢5
BlliweS
B(2Zin24¢5
CWCINV({343)539:04/160
CUCINV(3e4)==03
CWCINVEAs3)=~82
CWCINV(444)=,0625
CWCINRVLISeS)Bl1e/Fs
20({3)y=1l,
ZO(SB)ym=l,
CWC(3e3)nle
CWC(3ek)ma, B
CwWClaed)=4e8
CWC(SeB)n0,
CwClae4)=39.04
- B FORMAT(3}110)
CALL PMUCAL
sSTOP
» ERD
S IBFTC PMUCAN
SUBROUTINE PMUCAL
DIMENSION TEM(6SI4E1(20)E2(20)4Q(20020) s XLAMIZL)
CONMON/ INPMU/ZO(S) + INDPeXC(1145)
COMMON/DPMUBAVIZEI) WDV (2Y)
EXTERNAL DPMY
NRIT=100
DO 1 I=1416
T Vi1)=0,
DO 2 Ixg7:21
11=1
11=1§=-156
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TABLE G-8 (Cons'd)

V(IY=20(11})
DO 3 I=1465
3 TEM{I w0,
DV (l)®,a0}
CALL OPMY
CALL, AMIRKSEV,DViDOPMUIZ2001 081 0E2¢HIHTEMLO)
DO 4 Iwge8000
200 FONMATLSO0AE 158
| CALL AMRK
i Lal
00 S Jelell
JSnS
! DO 3 KulgJd
Lel+}
QtJeK)ImVIL)
5 Atk o) mVIL)
201 FORMATEZ(IXEL9.8¢48204873)
Lui
DO & Jwiael
JJuJS
DO 8 XwleJJ
Lal.41
G(JK)a¥ViL)
8 Q(KeJ3aViL)Y
(P (NI ToNEQIQD) GC TO 4
WRITE{G4200) V(1)
WRITECEe2011¢LG(K ) eIml o5 oK1 ,45)
N1 V20
100 FORMATL A/ 7/7/750XER04B//5(1XE19¢8¢8E2048/7))
202 FOHMATLIZEIB¢8/5E158,/551548)
a4 NRITsNREITet
PUNCIE 202etVLL) L.=2016)
RETURN
END
S1E8FTC DPAUN
SUHROVTIRE Opiuy
DIHMENSICN Q(545)
COhMON/SYSPAP/A(505)08(5)oCNC(%oE)tCWClNV(SoS)oUl(1001'00(1001)00’
111 sUKR
COMMONADPMUB V(21 )+DV(21)
La}
DO 1 J=148
SJSuY
DO 1 KeloeJy
L=l 4+t
QtJIKimVIL)
1 O(KeJlmViL)
Lel
D0 Z um14D
JS=J
DO 2 KnleJJ
Lel.$+}
DVILInCWC (I )
OO 2 KinleS
2 DV‘L}rUV(L}+A€JoM)GO(M|K)+0(J0M;§ASK0M)
00 3 1=l1e5 ’
1i=1]
Ii=11418
OV(ll)InOg
DO 3 IUxieS
JI=J
NATWETY ¥
3 DVCI13InAl]e)RV(JIIILDVITIIY
RETURM
END

T
LY




TABLE G-9. LISTING OF PROGRAM FOR THE COMPUTATION OF F(x)

S IBFTC THCOS

OIMENS I ON EU(25) +ELI2S)+TEMIB0) eVI1(1002)¢Va2(300213V33(1002)sTARI

2100Z)eV136) :
LeWORK(1024) RIS ¢S)eDUM(B %)
COMMONMN /DRTN/A(505).PH](S.S'.V(Z‘)ODV(Z&)
EXTERMAL DTHR
Kel
DO 1 I~1e5
D0 1 J=nleS
AtlvJ)e0,
PrHi(l1eJ)=0e
fFll14EQ,J) PNI‘]OQ)-I.
KoK+

T WIK)=Pril(l1eJ)y
READ(5¢3C)IVI(L)YeL w2418
10 PFORMAT(SE158+8/BE1%.8/5E15.8)

Le}
00 2 I=1:¢3
I1=1
00 2 Jwle1}
tal ¢+l

- Rtle)mV3 (L)

2 Ri{IleJdsrRideI)

Al3elhmlg
AlAsl jma,8
Al2:2)9~5,
Al3e2)m=-42
Al ) w=e96
AlSeI) =3,
Allsa)m=yS
Al2e4)n=-2,5
AlSe5)u=3,
Alle5)aaes
Alaig)n-4a,
Al219)8=2.5
Vi1inGy

R Py

OVil)u 01 . N . e e cemveae e

DO 3 I=1480
3 TEME]I3 =0,

CALL DTHR
CALL AMRKS(V 4DV DTHRI2501¢EUIEL ¢HsHsTEM40)
DO 4 I=14i000
TARC(L)»V(1)
00 € 11s1,S
DC 6 JI=145
OUMILI+uU)=0,
DO € LixieS

6 DUMCIT«JJIuDUMITE s S+ oL} apPHTI(JII¢LL )
V33(1)=DUM(S545)
CALL AMRK
Kal
00 & U=)1,45
D0 4 L=1+S
KaK+]

4 PHI(JeLI=VIK) ' b . -
D0 S 1214100042

S WRITE(3) TAR(I) VIS

ENDFILE 3

STOP
END

S IBFTC DTHRN
SUBROUT INE DTHR
COMMON/DRTH/ALS S ePHI (5152 eV(261¢DVI26)
Knl
DO 1 I=1+3 ' T
00 1 JuiasS
KaR+1
DVIK)I =0,
DO 1 LwisS

1 DVI(K)»DV(K)+A( T ¢LIWPHI(L e J)

RETURN
END

206
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M ~
TABLE G-10. LISTING ‘OF PROGRAM FOR THE CCHPUTATION OF R(7)

SIBFTC EXPC ;
DIMZHS ION EU(S) ELISY e TEMIZ0) e X3 AR(AS00) sEMUC LI eELL (1) o+ TEMI(B) sW(
110243 eRAR(A4G2) s TAUR(A02)
COMMON /DR/V(S)IsDV(E)I v ALSeS)eCUBe3) e XN(3) ZORB/X(EL)sDAL20 TAVIIN- -
2T e X3AR
‘ EXTERNAL DMNO4ORS
DO 1 I=m1e5 - . : e
DO 2 U=z} 3
2 ClleJI=n0,
DO 1 J=1e5 . - -
1 All«sJ)=0,
A(3s1)mi,
- AlAel ) maeB
Al2:2)m=5,4
A(3s2)m~-g2
Al4e2)me=, 96
A(S5¢3)n3,
Alled)==y5
' - Al2e8)n=2,45
A(Se5)m=24¢
AlleS)a=g5
Aldsd)x=4,
Al2+5)m=2e5
C{343)x},
Clarl)ma,
Clae¢Itma,g
C{Se¢3)m3e
DO 3 I=146
3 V(I)=0,4
OT=a025
DTTeDT&#4%
DVL(3)=sDT
DO 4 [m]+¢3
& XN(I)tcAURN}Z)/DTT
CALL DONO
DO 5 1%1420
: - 5 TEM(13a0, :
CALL AMAKS(V(DV4DONOsSeSsEUEL srigHeTEM40)
NRz=j 00
DO 65 1=1¢2300
MIAR(LY=VLS)
IFANRWEQ1I00) WRITE(Ss 100 INReXSARIT)
‘ - 100 FORMAT(1X1104E2048)
IF (NR.EQa100) NR=O
NR=NR+ 1
CALL aMAK
i DO 6 u=ie3
& XN{JI=GAURNIZY/DTT
- CALL. AMRKSUIX,UXeDRI9 101 (EUUGELL gHerle TEMY Y
DO 7 I=3ea00
00 8 Uwle8
) TEMl‘J)UOQ
! Xt13=0,
’ X(2)=0,
’ : DX(1}=,4023
} ) ITAV=1

ITAURITAU

-1
TAURTI ) =0X{

LIRTLSCATLIT AL



Tt D09

INT=z0

CALL

TAELE G-10 (Cont'd)

J=40042800 © e e e : - o

DRS .

- -9 X{2})=X(2)+DX(1)2DXi2) o e i intaases
RAR(I}=X(2) /600
7 WRITE(6+100)1TAUCRAR(T)

- CALL
CALL
Cal-L

S CALL
CALL
CALL

 CALL
caLL
CALL.
CALL.
CALL
sToP
END

$ IBFTC DNON

PLOTS(W(1)e102400) s it ettt

FACTOR(47)

SYMBOL(Oee0ese20 12HOCONNOR,15534064¢12)

PLOT(24540,04-3) - e e e
SCALE(TAUR310,9400¢14200)

SCALE(RAR®1Ce440041¢20,)

AX1SC0g4046 s 8BHR33I(TAU) 18410, +90, ‘RAR(AOL ) 1 RANIA0C2I¢200) —

AX[S(Q.QO.Q3HTAU0~3'lO.oO..TAUR(‘JOI)QTAUR(aoa’anh’

SYMDOL(3¢5¢10, 462¢6HTAV=60404646) ]

LINECTAURIRARSA420414040) : : e S asn——

PLOT(Cs0¢999)

SUBROUT INE DNO
COMMON /DR/V(é)oDV(b)oA(5.5)oC(503MXN(3) G e mn mmmm e

0o 1
111

I=3e5

PR, 11=114} S . e . il
DV{it)x0e

Do 2

Jmle3

2 DV(113aDVITI)+CIeSI#XNII) - e

0o 1
JJ=J

Jul1eS

- JonJdi+l o . . L e e e e e e e e e
1 DVIII)mOVIITI+ACT ¢ JIEV(II
RETURN

END
$ IBFTC DRSS

SUBROUTINE DRS

COMMON /DRE/X(2)10X(2) ¢ 1TAU, INT 3 X328R(4500) Tt e
1=+NT+][TAV

DX(2)=XJAR( I J#XIARCINT)

RETURF* “. - . L T R L RREL S

END
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APPENDIX H

COMPUTATIONAL DETAILS ASSOCIATED WITH
CHAPTER 7

H.l Introduction

The purpose of this appendix is to record some of the computational
details associated with the work reported in Chapter 7, FORTRAN listings
are included.

H.2 Conjugate Gradient Program

A FORTRAN listing of the program corresponding to the block dia-
grams of Figures 5~1 and 5-2 is shown in Table H-1. The algorithm shown
in Figure 5-1 is contained in the main program (whose deck name is
CONGRA). The subroutines function as follows.

Subroutines USGEN and DGEN generate the initial control (u®). They
use the initial values of the adjoint variables tabulated in Tables G-2
and G-6 to generate the controls corresponding to Pl or P2 respectively
(see Chapter 6 and Appendix G).

Subroutines JCAL and DJCAL solve equations (5-21) and (5-5).

Subroutine DCON computes the derivatives required in the execution
of the loop including blocks B and C of Figure 5-1.

Subroutine ALSTAR computes equations (5-31), (5-32), and (5-33).

Subroutine. INPUT inputs the system parameters, uses FMUCAL to com-
pute, , and Q, (see equations (5-38) through (5-41)), and initializes

the random number generator,



TARLE H-1. OOMJUGATE GRADIINT PROGRAM

4 IBF TC CONGRA
DIMENS I ON YOs) s TEML (260 ¢G1 Y 401 ) sUCH 401).YT(s)vIt(al)nhx(lzh

101

18

102

21

17

1E2(12)
COMMON/lNPMU/ZU(s)‘INUPoKC(11.5)

COMMON/LYbPAR/A(S-&)'U(B)onC(S.b)vaLlNV(SqD)'UI(

1114UKeR

214

401)45¢ 4011466

COMMON/RANB/PAL3¢3) 2 (t503) P XMUTS) e JLOGI YD) I TeRY (5) e RU sUR

1 JPMUAR (40145246
COMMON/DCUNH/VF(13)|DVF(13)¢UCON.DELH
LOGICAL JLQG

EXTERNAL UCON

LoGiCAL DECyALLEC

caLL INPUT

FORMAT(///b(1Xt19.u05téunu/)///ﬁ(le19.503ﬁ40.8/)///téOcU)

DO 1 1=1+5

YO(1)=0Ooe

DO 2 [al+101
uc(ly=uLil)

GG1=6G11

CALL JCAL(UC YuaXJeYT)
leTE(éoIUl)(YT(I)-I=\¢5)‘XJ
FORMAT (//1XE194845E2048)
VFl)=1.

VF(T)=XJ

DO 3 1=1+5

12=1

12a12+1

VF(L121myYTL 1)

18=12+6

VF (181 =04

VF(13)m0e

DVF (1 )m=eVUl

0O 4 1=1141

TE(I)=0e

UCON=UT1(100)

DO 18 15145
XMUCT ) aPMUAR( 100¢146)
DQ 18 J=145
P(leJ)sPMUAR(L1000T D)
FORMAT(E1548)

caLL DCON

WRITE(6«102)
FORMAT L/ /7))

CAL.L AMQKS(VF.UVF'UCON'12.1't].E2|HoH'Tt'0)

NRIT=10
NSTOR=4
15TOR=210

DO 5 I=a1eilV
Tr=1
IT=101=11

CGICIT)mDbn

UCON=UT¢IT)

DO 21 J=leb

XMU(J) ePMUAR(TTeJe6)

DU 21 K=1eH
P(K.J)-PMuAk(lT.K.J)
IFINSGTURSNES1O) GO TO 16
DO 17 Fslel

KK zK

Kik =K+ 1

VF (KK ) aXC{1STORGK)
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105
13

106

a7

30
3

TARLE B-1. (Cont'd)

1STOR=1STOR-]

NSTOR=0

IF(NRITeEGelC )} WRITE(E1103) (VE (K )Y yK=1413)
IFINRIT 010 ) NRIT=U
NSTOR=INSTUR+Y

NRIT=NRIT+]
FORMAT(Z(IXclﬂ.ucﬁtzu-a/)JXEZO.H)
CALL AMRK

WRITC (6103 (VF (1) al=1413)
G110l ) aELH

6611=2~-VF(13)

BETA=GGI1/56]

DO 6 Is1e1J1

Seld: GICII+BETARS(I)
DECEor AL St e

XJ0o=xJ

ALDEC=oF ALSE o

ALL=ABLH(XUV) /CGTI
ALlz1Z2e*ALY

ALO=D,

D=AL1

DO 7 I=14101
UC(Ty=Ul () +an1*SC1)

CALL JCAL(UC YUsXJLleYT)
WRITE(B1V4) XJUiXJY e XU2ZeALO WAL T ALZ
FORMAT ( ///2UX3E20eR/2UX3E20eB)
IF (XJ1eLE o XJ0O) GO TO 8
IFCALDEC)Y sTopP

ALL=AL1/4.

ALDEC= o TRUE o

50 TU 11

ALZ2=AL L +D

DO 9 1=14101
UCtl)sdlCI)+aLe*oll)

CALL JCAL(UCYOXJ2eYTH
WRITE(6s1UG) XJUsXJIL s XJ20ALGGAL T sALZ
IF(XJZeGEeXJ1) GO TO 10
XJU=XJ1

xJi=xJ2

ALO=AL L

AL =ALR2

AL2=AL2+D

GO TO 12

CALL ALSTAR(ALYXJUIXJ] 9XJ21ALUND)
WRITE(64105) AL

DO 13 I=i1¢101

FORMAT (1 X7THALS TAR= +E£20 «8)
UCily=ul 1) +AaL%S 1)

CALL JCAL (UC YO XJI5T YT
WRITE (64 106)IXIST
FORMAT ( 1 XOHXJST=4£16e8)
CALL PUNPROLUC)

caLL FUNPRU(S)

CALL GETNM{NBR)

PUNCH 27+¢GG1H1 1 NBHR
FORMAT(E19e8,4120)

DO 30 1314101410
WRITE(6431) vCD)
FORMAT (1 XE2V,.8)

STOP

£END
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TABLE H-1. (Cont'd)

$IBFTC UGENY
SUBROUT INE USGEN
DIMENSION E1(6)122(6)TEL23)
COMMON /GENB/V (7)Y 4DV LT}
COMMON/ 5Y5PARZA(S15) ¢t (8) 1 CWE 5,5 ) s CWCINVIS D) ¢UTL 4011920 4010266
111 sUK4R
EXTERNAL DGEN
GGll=1s
VESREIVN
V(4)==,411609808E05
VI5)==e12279599E04
V{6 )=~ 1639753ZE0S
V(2)==432697004E04
V(3)=445220708E03
Vi7)=00e
DVil)z ev]
CALL DGEN
CALL AMRKS(V DV DGENS 1 1E1 E24HeHsTEL0)
NRIT=10
DO 1 1=14101
S(1)1=0.
Ul(iy=0.
D0 2 Jml 8
ENEN
Ji=JdJ+ ]
2 Ul Clyzuli)+BClyeviJl)
Ul(l)yaul (1) /2.
IFINRITeNEL«10) GO TO 4
WRITE(643) (VLD sdz=1eT)aUL L)
3 FORMAT (1XE19 4P +SEZ048/720X2L2048)
NRIT=0
G MNRIT=NRIT+HI1
1 CALL AMRK
RE TURN
END
$JUBFTC DGENN
SUBRQUT INE DGEN
COMMON/GENBZV(71.DVIT7)
COMMON/S5YSPAR/A(B15) 1B (81 sCWCIg SI1CWUINVISe8B) yULL 401) 950 401 ) +GG
111 vUKsR
DVIT7)=U.e
CO..1 13145
11=1
It=sl1+1
DVIl1)m0a
DVIT7)=DVITI+BUII*VT])
DO 1 Jml 45
JJ=J
JlmJdJd+y
P DVITI )y sDVITLI)=ACJe IRV (JL)
DVITI=DVIT) #%2
DV(T7)=DVIT) /4
RETUKRMN
END
$IBFTC JCALN
SUBROUT JNE  JCAL(UCeY e XU Y 1)
DIMENSTON UCE 4Ut ) e YULEI YT (5) 4 TE(ZE) s 1L 7)eR2(T)
COMMUN/ INPMU/ZU (S [HNDPeXC 11 05)
COMMOH/RANU/PA(303)091513)'KMU(S)-~uub-V(s).RJ.TaRV(5)nRU vuR
1 sPMUAR (401 0546
COMMON/DJCALRB/VIR) DV IB) WU
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TABLE H-1. (Cont'd)

LuGICAL JLUC
EXTERNAL DJCAL
DV(1}=e01
V1=
VIT)I=D
V(B1=0s
NSTOR=z1Y
ISTOR=1
NRIT=]0
OC 1 t=1.428
1 TE(L}130.
101 FORMAT(//77)
DO 2 =145
11=1
tt=l1+1
2 viily=yo(l)
U=zUCel)
00 7 1®145
XMU(] ) sPMUAR (19146}
DO 7 Jrl¢&
7 P(leJ)ZPMUARC Y s 10 )
8 FORMAT(E1548)
calt DJTAL
CALL AMQKL(V,DV.UJLAL.7.1.t1,ﬁg,H.H.rt.O)
DO 3 1214100
[F (NSTORGNESIN) GO TO 5
DO 6 K=}s5
KK =K
KK KK+
6 XC{ISTORK) =V (KK)
18TOR=1STORt]
NgTOR=0
5 JF(NRIT £Qe 10 ) WRth(ﬁ'luu)(V(K)nKulte)
IF(NRITWEGe 10 ) NR1T=GC
NRIT=NRIT+1
NS TOR=NSIORY]

1Ts1
UsUCIT)
DO 10 J=ieS

XMU( J) =PMUARETI T Je6)
DO 10 K=1+5
160 P(K4J)aPMUAR(TT KaJ)
3 CALL AMRK
XJEVT)
WRITE(&4100) (VD) el=148)
100 FORMAT(1XE194845E£04B/2X2E2048)
DO 4 121,45
1i=t
[1=11+1]
4 YTLIy=sviil)
RETURN
END
% [BF TC DJCALN
SUSROUT INE L JCAL
COMMUN/ﬁprAp/A(SvS)vblﬁ)nCWC(s.b’vCNCINV(ﬁQb)-Ul( 40131450 4011466
111 sUKSR
Lommuu/nAna/pAtg.g).9(5.5)oxmu(sl-JLuG.v(5)-HJ'TvNV(S)-RU " UR
1 +PMUAR(4UL ¢ 546}
COMMON/DJCALH/V(B)-DV(5)'U
LOGICAL AOG
JLOG=e TRUE «
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TABLE B-1. (Comt'd)

UR=U

DO 1 12145

11=1

1i=11+1

Yely=v(ilT)y

TaV(i]l)

CALL RANCAL
FORMAT { 1 XBHDJUCAL RJI/IXEL19.8)
DO 2 1=]+S

11=al

11=11+1

Ovi(li1a-B(l)*V '

DO 2 JU=145
ODVIIL1I=DVIILI+A(T4J)*Y L)
DVI(T)eUK*U**2-J
Dv(8)=RJ -

RETURN

END

$[BFTC DCONN

SUBROUTINE DCON

COMMUN/SYbPAR/A(SvS)'H(S)vCWC(E.b)vCWLINV(H-S)‘Ull

111 0UKRR

401)e5 ¢

COMMUN/HANB/FA(ﬂvJ)-P(S'S)oXMU(g)vJLUblV(S)ORJ'T|RY(5)'RU

14PMUAR (401 4546)
CoMMON/DCONb/VF(13).DVF(IB).UCON.DELH
1LOGICAL JLOG

JLOG= «FALSE

DO 1 1=145

11=1

T1=11+1

17=11+7

Y(1)y=VvF11)

UR=UCON
T=VF (1 ¥+DVF (1)

CcaLl. RANCAL

DO & 1ai45

11=1

11=11+1

[7=11+7

DVF (113=-8B(1)2#UCON
DVF(IT)=-RY (1)

DO 2 Jm1,S

Ju=J

JT7=JdU+7

OVF (1131aDVF (11 )14A(T e )Y )
DVF(l7)=DVF(]7)-A(J'I)iVF(J7)
DELH==2 ¢ *UK#UCON=RU
DO 3 1m149%

1=}

T1=11+47
DELH=DELH-B(1)YAVF({I1)
OVF (7) s UK¥UCON®%2-RJ
DVF(13)=DELH**2
RETURN

£ND

SIBFTC ALSTAN

SUBROUT INE ALSTAR(ALvXJOoXJ\-XJE.ALOvD)
APEP. H {XJIZ=2*XJI+XI0) /DRR2
Al=2.*(XJ2—XJI)/D-AZ*‘Z.*ALO+1.5*D)
ALx=Al/(2s*A2)

RE TURN

401 GG

sUR
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TABLE B-1. (Cont'd)

END

S IFTC NEWIN

1000

SUBROUTINE INPUT

DIMEMS TOUN DUM{ 2 s 20y s VDUMLEZ0)

COMMUNZ THNPMU/ZL (S ) s INDPeXCO1 145
commoN/:VgpAp/A(bvs)-s(a).ch(ﬁ.b)-CWC|NV(:.5)'UI( 401) 450 a01)+GG
P11 eUkGR

COMMUN/HANU/DA(?v})nﬂ(ﬁoﬂ)'XMU(=)vJ;ObnY(b)cRJ\Ton\(S)oQU sUR

1 +PMUARLANDL 1546)

COMMON /NUMB /NIF ¢ N2F

LOGICAL JLOG

UK=1 4E~14

Hzel2

Do 1 =145
Z0(1)=0.
BL1)=0.

DO 1 Y145

Al +J)m0e

CWC(lsyJ)mOs
CAWCINV ] eJ)80,

A{3¢11: 1.

Al4s] )48

Al242)2-5e

A(342)=-e2

A4 42) B~ 096

A{S5e3)a3

Aflesre=e5

AL244)E—20e5

A(S+5)m-T3,

Al e3)m=05

Albsbd)m—ba

A(2e5) 2245

B(1)=e5

B(21=245
CWCINV(343)239404/160
CWCINV{344)==0e3
CWCINVIGe3)==y 3
CWCINV(444)=,0625
CWCINV(545)31e/9e
ZG(3)=1.

20(5)=1.

CWwC(3e430131s

CWCl3va)z4eB
CWC(4e¢3)2448
CWCIH451=9
CwCla44)239¢04

DO 8 Im1,43

fi=1

12=11+2

DO 8 Jz=143

Ju=d

J2=4042 ,
DUM(T4J=CWL(12,J2)

CALL t.1GEN(DUMIVDUMe3e1)
WRITE (6e1000) ((DUM(1eJ1eJ=143)VOUM(TYel2143)
FORMAT ( 1 XGHINPUT DUM/3(1X4L20e8/1))
DO 9 1=1e¢3

DO 9 J=1,43

PACT 1) xDUMIT ¢ J)RVDUMIJ) %% a5
REALIS +5) INU s INDU INDP «N1F s N2F
FORMAT(S110)
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TABLE H-1. (Cemt'd)

CALL PMUCAL
WRITE(641001) ((PMUARC101 el ed)eJdsl1bdsl=14+5)
FORMAT ( 1 X1 1HINPUT PMUAR/S(IXE|9¢8+5E20e87))
IF(INDUWNES 1) GO TO 3
CALL USGEN

RETURN

NRIT=10

CALL REAPRO(ULI)

CaLL REAPRO(S)
READ(S+6) GG11+NBR

DO 4 1®j 101
FORMAT(E1548,120)

I1al

Tee01 #FLOAT(1I-1})
IF(NRIT4NES10 ) GO TO 4
NRIT=0

WRITE(647) T UL
NRIT=NR1T+1

FORMAT (I1XEL19,8E2048)
WRITE(&6410) GGII

FCRMAT (1XE20.8)

raLL STORNM(N BR)
RETURN

END

S$1B8FTC PMUCAN

juiu

SUBROUT INE PMUCAL

DIMENSION TEM(65)4E1(20)19E2(20) 4U(20420) ¢ XLAM(20)
COMMON/RANB/PA{343) sP(Es5) s XMU(E) s JLOGsY(S) sRJIs TeRY(8) RV
1 +PMUAR (601 45,46)

COMMON/ INPMU/ZU(5) o INDPsXC]145)

COMMON /DPMUB/V (21} DV(21)

LOGICAL JL0G

EXTERNAL DPMy

DO 1 [=1416

V(13 z0.

DO 2 1=217+21

11=1

It=11-16

vVelr=20011y

DO 3 121465

TEM(1) =0, '
DVIil)=ell

CALL DPMU

CALL AMRKS (V DV, OPMUI200l st 1424 HeHeTEM(O)
DO 10 13145

PMUAR (141461270 1)

DO 10 J=le5

PMUAR (1 ¢ 14J) =20,

DG 4 I=m)eliiu

=1

Ti=11+1

CALL AMRK

L=]

DO 5 J=14%

JJ=

DO 9 K=)l4JJ

Lxl+l

QiJek)mvVil)

QUKo eV (L)

1F(l]ebQeavl) WRITE(GeuUL) ((Q(UIIK)IKE[15) e da]1¢5)
FORMAT ( } XBHPMUCAL G/5(1XE194814E20487))

+UR
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TAHLE H-1. (Comt'd)

I FQQMAI(/////5ux;gu.a//5(1xu19.a.«Lana/H
CALL EIGEN{U XiLAMS 1)
1.1 FORMAT (/S (1 XE1QeBeSE2U3/))
DO 6 LE1eS
DO 6 Kz145
O(K‘L)-O(K‘L)nyAm(;)w*,5
6 PMULI (T ] 4Kl )= al)
7 FORMAT(r1%e8)
Q 4 K=l
KK =K

4 PMUAR( 11 M a6y VIKKY
RETURN
“ND
S1EF TC GPMUN
AUDROUT T UPM
OIMENS TON Q{Re5)
CQMMQN/MVLPAW/Albcb)'U(m)'Ldk(ﬁg’l- Vimentsult 401 et 401 ) 166
111 aUK e
COMMON/DPMUB/V AT DVIE21)

Le)

[FIo BN IS Wi
JJs

DO 1 K=lwJd
L=ltl

QEIey=vIL)
1 GlKeg)=VIL)

Lal

DO 2 Jx1aS

JJdsJ

DO 2 K=tleJdd

Lal+l

DV(L)sCWC{J K}

DG 2 M=1,5

2 DVlL)=DV(L)+A(J;M)!C(M.K)+U(JvM)*A(htv
DO 3 I=l1.8
11=1
11=11+16

DVELI)I =G
DO 3 JzleH
Ja=Jd
JJz= 1J+16

3 OVIIT =A (L )%V I +LVLTD)
RE TURNM
END
W HETC RANCAN

SUBROUT Ik RANTCAL
WIMLNS T ON xl(5'»£L1A(1).LYA(q).x5(5)'11(5)-xa(:).ULLPSI(5)-x5(5.5)
UIMENS TON A1 (3490 s X7 (51 4 XD TH 4 5)
DIMENSTON X150 X084 X6(5H45)
CumMuN/nvupAp/Atﬁ.a),m(g).me(5.5)~CleNV(b.bl‘UI( 401) 450 401166
111 UK eR
CoMMuN/uAnn/pA(1'3)‘w(q‘5l-XMU<:)-JLUu-Y(5).uJ.1oRYkﬁ).kU WUR
1 SPMUAR (AL 453 45)
COMMON /IUME /N1 F 3 HEF
LOGICAL JOG
X3(2)=04
X3(1)1=0a
RUv.
X?=1e=T
X}y =04
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10Uv

1vvl

12

27
11

1eu2

28

29

TABLE H=1, (Comt'd)

X1(2)s0
RyU=0s.
XGz {2y #XT) %% 5
GO 1 I=1+5
RY {13120
Ni=1l
DO 2 12145
X[ {1)=GAURNI(Z)
FORMAT ( 1 X1 1HRANCAL XIET/1XE1948)
ETACT) =XMUCT)
DO 3 1=%1.45
DC 3 Jd=14+45
ETA(L)=ETACI1+P LI ¥XT ()
FORMAT ( 1X]1UHRANCAL ETA/1X5E1948)
DO 12 13145
x8(1)=sETACII=Y(])
N2z
DO 27 121,45
XD(1Y=0
DO 27 J=a1.45
XD3(1e )=V,
DO & 1=51+3
11=1]
11=11+2
X1C1)y=GAURNI(Z)
FORMAT ( 1 X1 3HRANCAL ETAZET/1XE19.8)
ZETA(TI )=sX8(11}
D0 7 1=143
DO 7 J=l1,.3
ZETA(I)=ZETA(I)4XOKPA  ([yJ)eXT (D)
ZETNOR =G o
DO 8 I=x143
11=1
11=11+2
DO 8 J=113
Ja=J
JdusJJ+2
ZETNOP-ZETNOP+£ETA(l)%CWCINV(lI.JJ)!AhTA(J)
7ZETNOR=ZETMOR® %45
DO 22 1=143
11=1
Ksl1+2
XDUK) =XD(K)+ZETAL 1)/ ZETNOR*#3
[F(JLOG) GO TO 9
DO 28 12145
DO 28 J=iH
xnl(l'J)=CNC[NV(I'J)/ZeTNORlia
DO 29 1=1,5
XnD2(1)ade
DO 29 J=3,5
Jd=J
K=JdJd-2
XD2 (1) =XD2 (1) +CWCINV ] oK) #LETA LK)
DO 40 Im1eS
DO 39 J=145

XD}(IvJ):XDl(lQJ)“J.“XDE(l)bXUE(J)/ZtTNOQ'*EﬁXDJ(l'J)
[F (N2 JEQ.NZ2F ) GO TO 10

N2=Na2+ |

G0 To 11

DO 23 15345
X101)1=04

222
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TAELE B-1. (Cont'd)

D0 22 J=345
273 X1 (1)=X1(1)+CHCINVITs ) *X0CI)
DO 24 1=%45
26 X1(Iy=x1 (1Y /FLOATINZ)
X2&0e
O 13 1=35
X3(l)=sl,
DO 13 J=345
13 X301 =X (1 )+CWCINVITeUI#XB(0)
DO 29 1=3+5
25 X2=XB8{131*X3(1) +X2
XP=XZ k%45
DO 14 1€l4d
X4 (1)y=B(1)*UR
DO 14 J=145
14 X4(1)=Xal{l)y+AtleJ)¥XBLIY
DO 1% 13145
15 DELPST (1) =R* (X1{1)=X3(1)/X2%*3)
juv3  FORMAT ( 1X18HRANCAL X1 X3 X4 X2/601X4L 20087 ) ¢ IXE19eE)
DO 16 13145
16 RJIsRJEX4 (1I*DELPEIC)
IF(JLOG) GO TO &
DO 31 (=15
DO 31 Jm145
31 XOJ(ch)=XD3(I'J)/FLOAT(NZ)
DO 17 12145
RU =RU+B (1) *DELPSI(1)
DO 17 J=1.5
17 XS(led)= X301 yX3(y )
DO 26 1=1.45
DO 26 J=145
26 X6(1+J)aCWCINV (e )/ X208
DO 16 1145 '
DO 18 J=14%
18 RY(l)=RV(1)—A(Jvl)iDELHbl(J)+HQ(X6(l-J)—3.lX5(l‘J)/x2"5-XU3(loJ))
. tRxaJ)
< IFINT EQeNIF) CO TO 19
N1=N1+1
GO TO 20
19 RJ=RJ/FLOATINIY
RUzRY/FLOATINY)
DO 21 1=149
21 RY (1) =sRY(1)/FLOAT(NI}
RETURN
END
$1BFTC PUNFRN
SUBROUT INE PUNPRO(X)
DIMENSION X (401
N=l
2 N1=N
N2=N+1
N2=N+2
Ne=N+3
NS =N+ 4
IF(N5.GT+100) GO TO 3
PUNCH 1 X (N1} eXIN2) X IN3) s X (N4) ¢ XINS)
1 FORMAT (5E158)
N=N+5S
Go To 2
PUNCH 4 ¢X(1Y1)
4 FORMAT(E158)

w

RETURN
END
$IBFTC REAPRN
QUBROUT INE REAPRO(X)
DIMENSION X(4C1)
Ne}
2 N1=N
N2=N+1
N3=N+2
Ng=N+73
NS =N+4
[FINS,GT,100) GO TO 3
REAL(S 1) XANTD e XINZ Yo XIND) e X (Na) s XINS)
1 FORMAT (5£15e8)
NaN+S
G0 TO 2
3 PEAD(S4) X101
FORMAT(E1548)
E TURN
£ ND

£
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Subrautines PMUCAL and DPMU solve equations (5-38) and (5=39).
Subroutine RANCAL carries out the Monte Carlo evaluation of the
multidimensional integrals involved in equations (5-6) through (5-8) and

(5~14) through (5-20).
Subroutines PUNPRO and PUNPRN handle the output and input of the
punched cards used to transfer data from one computer run to the next.

Subroutines RANDPK (the random number generator) and AMRK (the
differential equation solver) are referenced in Appendices E and G, re-
spectively. Subroutine EIGEN (SHARE Library number ANF202) computes
eigenvalues and eigenvectors of real symmetric matrices,

The subscript correspondence given in section G.2,1 applies here
also.

The computation time depends on the time increment and the number
of terms in the Monte Carlo evaluation of the integrals. For the pro-
blem solved here, a time increment of .0l and six terms in the evaluation
of each integral correqunds to about teﬁ minutes of IBM 7094 time per
iteration of the algorithm shown in Figure 5-1.

The iterations were computed by individual computer runs. At the
end of each iteration, the results, l.e. u:'L Si. Gi. and the random number
generator "position" were punched out on cards, At the begimning of
the following iteration, these cards were read. The random number generator»
was "reset" at the beginning of each iteration to its "position" at the

end of the preceding iteration.
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H.3 V¥ Estimates for %1 and %5 Controls

H.3.1 Control-Independent Term

A listing of the FORTRAN program used for the computation of ¥ is
shown in Table H-2. This computation is based on equation (4=115).

H.3.2 Control-dependent Term

The control dependent term, ¢, wWas computed as follows:

1. The appropriate initial values of the adjoint variable and the
corresponding class parameter value were read in,

2. The corresponding control was computed by the appropriate USGEN
subroutine. In the case of %, controls the deck name of this sub-
routine is UGEN1 (see Table H-1). In the case of ?iz controls the
deck name of this subroutine is UGEN2 (see Table H-3).

3. Subroutine JCAL (see Table H-1) was used to compute *1.

Ho4 Computation for Figures 7-5 and 7-9.
A FORTRAN listing of the program used for the computation of

Figures 7-5 and 7-9 is shown in Table H-4. This algorithm operates
according to Figure 6-1, except that instead of computing the control
through the solution of an adjoint equation, 1t reads the control from
the punched-card output from the conjugate gradient program.

H.5 Computation for Figures 7-6 and 7-T.
A FORTRAN listing of the program used for the computation of

Figures 7-6 and 7-7 is shown in Table H-5, This program reads in the
control from the punched-card output of the conjugate gradient algorithm,
computes the ||x(t)l| trajectory using equation (2-1) with n,=0, and uses

the CALCOMP plotter to produce the curves shown in Figures 7-6 and 7-7.
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TANLE H-2, PROGRAM FOR COMPUTATION OF ¥ .

MA N
DIMENSION Q(p0+20)sV(20)
CoMMON/pZH/PA(3.3)'cwC1NV(%c5)‘D'ZO(5)
DO 1 13145

ZOt1y=0U,

DO 1 J=aled

QeleJrmo,
CWCINV(T1sJ)=Ce
CWCINV(343)=39e04/160
CWCINV(344)mme?
CWCINV(4e3)z=-,e3
CWCINV(S4¢531=1e/%e
CWCINVI&4sa)=,0625
Q(leldismloe f
NQ(1s2)m448

U241 )34 .8

Q{3131 =9,

Q242123904

CALL EIGEN{Q,V+34s1)

DO 2 1=21,3

DO 2 Jml+3

PA(L« ) aQUl s I #V(J)#% 5
Z0(3)=1.

2015yl

Reel

DO 4 I310041000,450

It=1]

CALL PSI10OC(114x)
WRITE(64S) 114X
FORMAT(I1XI20,£2048)
FORMAT (I XEZ20 48}

5TOP

END

PSIOCA

SUBROUTINE PSTO(NIF PSS IZER)
OIMENSION XI(3)+ETA(3)
COMMON/P Zt3/PA( 343) 1 CWCINV S 18) 4R e ZU(S)
N3=U

X120

DO 1 Imie3
X1(1)=GAURNI(2)

DO 2 1=143

1lw}

121142

ETA(I)=ZO(12)

DO 2 J=l43
ETACI)=ETACI)+PA  (TeUd#XT(Y)
ETANOR=(

DO 3 i1m143

1=}

12=l1+2

DC 3 Jm}e3

PNEN]

J2zJu+2

ETANORSE [ANOR+ETAL 1) *CWCINV (120 J2I#ETALD)
ETANORE TANOR* * 45
X1:=X141+/ETANOR

N3=N3+1

IF(N3,LTLN3IF) GO TO 5

X =X /FLOATINTGY

XNOR=0 o

DC 6 Im143

I1=1

12=11+2

DO 6 Jzle3

JasJ

J2=J+2
XNOQ:KNuuféu(lZ)ﬁCWClNV(lZvJ?)'ZU(JZ)
ANGIREXNRORE %,
PSILERaR® (X1 =1 e/ XNUOR)
RETURN

END
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TABLE -3, LISTING FOR UGEN2

SIBFTC UGEN2

SUBROVT INE LS
DIMENSION TE(35) 1 (10 et' 2010
COMMON/LTLPAR/AISeH) 10 15) s CWCIGe5) 1 CWCINVIS6)I4ULE 401205¢ 401040606
111 4UK R
COMMON/ 5h NEH2/V (1 1) 2DV 1) e XKUY
EXTERMAL WGENZ2
GGll=1.
DO 5 I=slell
S Vild=u,
Viar: L.
V6=l
VI7)5-413101224E00
VB =e2851,453E-01
VI(Gr==e1PT719567E01
VI10)=e12 *23603E00
V{11 == 4454936969601
DVily=,e01
KUzl ,E-4
DN & 1=}435
6 TE(L)=De
CALL DGENZ
CALL AMRK3(V DVIDGENZ 1101 sE1+E2eHIHeTE O} .
NRIT=10
DO 1 [#14101
S(EY=0s
ultety=oe
DO 2 J=m] .5
JJI=J
JJsIJI+6
2 UTIIIsUTLI)+B () #VIJd) #e5/XKU
IF(NRITWeNE«10) GO TO 4
WRITE(8+3) (VU eu=1r11)0UI0D)
3 FORMAT (1XE19.815EZV .8/ 1XE19.8¢5E2048)
NRIT=0
4 NRIT=NRIT+!
CALL AMRK
RETURN
END

-

& [BFTC DGENNZ

SUBROUT INE DGEN2
COMMON/b\:PAQ/A(S-%)vH(a)vCWC(5.b)onClNV(b.5)|UI( 401)e5( 401) 4GC
L11eUK 4R
COMMON/GENB2/V 111DV 11) e XKD
UsCa
CO 1 1148
It=l
[1=11+6
1 UsU+SHBII#VIETT)/XKY
DO 2 1=x145
I1=1
[jeli+}
Dvilili=E (1) *u
DO 2 JUm1.8
Jiad
NNENNESY R
DVIIT)=DVITT))+A( 10y *¥V (IS
Do 3 =195
li=1
621146
ITell+}

Ovils)at,
DO 3 JUmleB
JJdaJ
J&=JI+E
JJ=Jddxy
OVUIL)aDV (16 ) +2. ¥CWCINV (L e eV i g =AC e 1) #VJ6)
RE TURN

s
&NU

iV
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TABLE H-4. DIGITAL SDMIATION PROGRAM

CROZX
DIMENS]ON TE(23)1E1 (5)1E2(5) 1 XNORA(BQG 2y ¢ XX(36)9U(401)
CoMMQN/aL/Ataus)vB(g)'CWCINV(5-5)-C(sva).uu W X{B)IDX(E) e XN(3)

EXTERNAL LPRO
LOGICAL L1
NCM=150

NC=1

DO 1 12145
Blly=Jae
X{1)=Goe

DO 1 U=145
A(ledImle
CwWwCINV(14J)=C0

'0C 2 1=1.48

11
159

DO 2 J=142
Ctled)=lo

Btl)=.3

B(2)=245
CWCINV{343)=39.04/16.
CuCINVI3va)==-e
CWCINV(493)r=w=el
CWCINVIGsa)=,0625
CWCINV(545)21¢/9e
A(3el1)=1e
Alas]l)=b .8

A(3e2)m

A(442)m=496
A{Se3)1 =3,

A(2¢4)2~2e8
A(Z4S)=—3.
A{le5) =5
Lib sl )m—bo
A(215)m=2e5 .

C(3¢3)m1,

C(4sl)mby

C(4s3)1=6,.3

C(Se2)123.

CALL REAFROCU)

NCUOM=1

DG 15 1=146

X{1)=0, B

A(43=1a ;

X(&)=14

Lim e TRUE, .

XNORL =0 o :

NO * 1x3,%

11al .

Tt=ii+1}

DO 7 Um345 ‘
Jd=J .

ENENNESY

XNOIL s XNORL X ¢ 1 1) #CWCINVET o ) #X (I

XMOR = XNORL

OX{1)=401 :

DG 4 I=1e27

TE(l)ane

unp=Ul1)

CALL DPRO

CALL AMARKS (A UK sDPROS 1 sb 1 1E2arsHe TR L)
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TABLE H-é, (Cout'd)

NRIT=10

DO 5 1%=141C0

ul=U X

IF(NRITeEQe 10eANDSL T} WRITE(6s+100) (XIK)skKx]s6) s XNOR
IFINRITESe1D)
1L1=eNOT LY

FORMAT (I XEL1Y.8+5E2048/20XE20e8)
IF{NRIT,£Qe10) NRIT=O
NRIT=NR{1+1

CALL AMRK

XNOR=0 o

DO & 1235

1=}

I1=li+1

0O & Jz345

Jusd

JJ=JI+1
XNOR=XMNOR+X ( 1 1) #CWCINV T JI*XJJ)
IF(XNORSLTeXNORLY TL=2X(1)

IF (XNOR LT ¢ XNORL ) XNORL zXNOR .
D0 % I=143

XN )sGAURNIZ) /(DX 1) 1885
WRITE(6s1vu) (X(K)sK=1+6) s XNOR
XNORA(NC2)=TL
XNURA(NCq41)=xXNORL
IF(NC.LTsNCM) GO TO 7

DO 8 1=] NCM
WRITE(GE1O1 ) IXNORALT4J) eJxle2)
FORMAT (I1X 2E2048)

CALL SORT(XNORAJNCM)

OO 10 (=) «NCM

WRITE(S 911 (XNURA(TsJ) e d=1e2)
GO TO 12

NCENC4+ 1

GO TO 11

0O 13 Is14NCM

11=1
XX(1)=(151 ¢ =FLOATC(II) /150,
XNORA( [+ 1) aXNORA({[413%%.5
WRITE(3) XNORA(T«1)eXX (1)
ENDFILE 3

G0 TO 14

END
¢ DPROM

SUBROUT IME DPRO
coMMON/uL/A(ao5).5(5).cwcxnv(5.a).L(:-3).uu W XE6)DXLE) I XN(3)
DO 1 1el1+5

11=1

|IBEERE DY

DX(11)y=B(1)y*UD

DO 2 J=3.+5
DX(11)a0X (I I)1+4C(1¢JI¥XN(I)

00 1 J=145

FNLN}

Jasdd+l

DX wDXCT )y +ACT e Iy #X (I
RETURN :

END

€ SORTN

SUBROUT IME SORT (A WNY
DIMENSION A(80UGR)



TABLE B-b,

DO 1 I=leN

X=Oe

11=1]

DO 2 Js1lWN
IF(A(Je1)eGT X)) Y¥YxA(Je2)
IF(ACJe1)eGT X)) K=J
IFEAGIe1)eGT X)) X=al(Jel)
A(Ks1)mACTIT oY)
A(Ks2)=A(T142)

Atller)mX

At1le2)aY

RE TURN

END

& 1BFTC PUNPRN

&

SUBROUT INE FUNPRO (X)
DIMENSION X(401)

Naml

N1 =N

N2=N+1

N3I=N+2

NgzN+3

NE =N+

IFIN3.GT«100) GO TO 73

PUNCH 1‘x(N‘)'X(Na)CX(NS)IX(N“)QX(Nﬁ)

FORMAT (SE1548)
NEN+S

GO TO 2

PUNCH 44X(101)
FORMAT (E15.8)

RETURN

END

$IBFTC REAPRN

>

SUBROUTINE REAPRO(X)
DIMENSJON X(401})

N=1i

Ny =N

N2=N+1

N3aN+2

Ng=N+3

NE=Ne4

IF(N5,GT.100) GO TO 3

READ(S 1) XONTI o XIN2Y o XIND) o X INg ) e X(INS)

FORMAT(SE1S.8)
N=N+5

GO TO 2
READ(Hea) X(101)
FORMAT (E1548)
RETURN

END

" (Cont'd)
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TABLE H-5, PROGRAM FOR FLOT OF lli‘:(t.)llz_1 and u(t)

HORPLO
ODIMENSION UD(4CI)TE(2D)4ET(S) 72D

COMMON/BL/A(S95) oB(S) 1 CWCINVIGe&) Ui X(6) eUX(6)

EXTERNAL 0P

DC 1 I=145
3(1)=0.

DO 1 Jsml .5
Atled)a0o
CwCINVI(I«JI=Do
A(3e1)m1 0
Af4s1)=4,.8
A(242)8-5
A(3+2)1m~,2
A(ag42)==e9€
A(543)2,

A(l e4)m-o5
A(2eb)e=2e5
A(SeS)x~3
A(l+S5)m=45
A(4s4)m—4a
A(245)=-2e8
Bll)meS

B(2)=2 4%
CWCINV({3:¢3)=39.04/16
CWCINV(344)z=s3
CWCINV(G4¢2)==ye3
CWCINVI(4sa)=,0625
CWCINVISiS)n] e/Q
DO 2 I=146
X{(1)=0a

X{(4)=1l,.

X(&)=1e

CALL REAPRO(UD)
0O 3 1=1+2C
TE(1)=0.

uzub1)

CALL AMRKS (X ¢DXsDP1Se 1 el el 20HeHe TE D)
CX(1)=,01

CALL DP

DO 4 Mm1,4101
XNOR=0 o

CO S 12145

1i=1

Siiallisd

SO S Jsl.45

II=mJ

JuzJI+
XNOR=XNOR+X( [ 11" CWCINV v ) *X ()
XKNORxXNOR#* # o 5

WRITE(G+€) (X(I)1a1x146)sXNOR
FORMAT(1XE19,8%EZ048/20XE2N 4R
WRITECD) X(1)sXNOR

UeUD (M)

CALL ANMRK

ENOFILE 3

DC 7 I=14101

IR

TalX (1) #FLOAT(11~-1)

WRITE(3)Y T«uDCl)

ENDFILE 3

GO TO 8
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TABIE B-5, (Comt'd)

[SANe}

¢ IBFTC OPN

gUBROUT INE DR
CQMMON/BL/A(5|5)‘3(5)-CWClNV(Scﬁ)oUQX(b)'DX(b)
DO 1 1=1.45
11=1

t1=11+1
DX(!l)xB(l)iU
DO 1 Jmie3
JJu=d

JJ=JJd+1]
DX(ll):DX(Il)+A(l'J)*X(JJ)
RETURM

£ND

$1BFTC REAPRN

SUBROUTIME REAPRO(X)
DIMENSION X(401)

Na i

N1 =N

NZEN+L

N3z=N+2

g =N+3

NGz N+4

1IF (NS 4GT+100) GO TO 3
READ(S11) X(Nx)-X(Nzx'x(Na).X(Na)-X(NS)
FORMAT(SE15.9)

N=M+%

Go TO 2

3 READ(B.4) XU1101)
4 FORMAT(E1S.8)

RETURN
€110

23
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